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Preface 


This book is written to be a convenient reference for the working scientist, 
student, or engineer who needs to know and use basic concepts in complex 
analysis. It is not a book of mathematical theory. It is instead a book of 
mathematical practice. 

All the basic ideas of complex analysis, as well as many typical applica- 
tions, are treated. Since we are not developing theory and proofs, we have 
not been obliged to conform to a strict logical ordering of topics. Instead, 
topics have been organized for ease of reference, so that cognate topics 
appear in one place. 

Required background for reading the text is minimal: a good ground- 
ing in (real variable) calculus will suffice. However, the reader who gets 
maximum utility from the book will be that reader who has had a course 
in complex analysis at some time in his life. This book is a handy com- 
pendium of all basic facts about complex variable theory. But it is not a 
textbook, and a person would be hard put to endeavor to learn the subject 
by reading this book. | 

Understanding that many readers are not primary users of mathematics, 
we have included an extensive glossary and table of notation. The glossary 
contains not only all the major terminology of complex variable theory but 
also background terminology such as “uniform convergence,” “equivalence 
class,” “compact set,” and “accumulation point.” We have also included a 
complete List of Notation, a Table of Laplace Transforms, and a Guide to 
the Literature. The latter is a list of some of the major works in complex 
analysis, grouped by type. The book concludes with a References section 
and a rather thorough Index. 

We have made every effort to give thorough references for all topics. 
These references provide further reading, theory, proofs, and exercises. 

The notation used in this book is quite standard in the mathematical 
world. But the reader should be aware that certain specialized fields have 
their own particular notation. For example, electrical engineering uses the 
letter j to denote the square root of —1, whereas mathematicians use the 
letter 2 for this purpose. We leave it to the reader to make whatever small 
adaptations are necessary to render the contents of this book consistent 
with his particular field; we would be doing the reader a disservice to 
introduce all possible notational variants. 


In order to make the book as easy to use and as self-contained as pos- 
sible, we have occasionally repeated topics or formulas. Surely it is more 
convenient for readers to have the necessary formula right on the page they 
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are reading than to be flipping back and forth among several disparate 
pages. Readers will also find the extensive cross-referencing to be useful. 

Because we view the typical reader of this book as one who is interested in 
applications of complex functions, we have made a special effort to include 
material on areas of engineering and physics in which complex variable 
theory is applied. This discussion is gathered at the end of the book, in 
Chapters 14 and 15. 

The book concludes (Chapter 16) with a brief discussion of software that 
is useful for understanding concepts from complex variable theory. 

We hope that this book will be a valuable tool for the mathematical 
scientist. 

It is a pleasure to thank the many friends and colleagues who made this 
book possible. Ken Rosen first piqued my interest in writing a handbook. 
My editor, Wayne Yuhasz, guided me through every step of the process 
of writing the book and provided technical support when necessary. Sean 
Davey and Clovis Tondo contributed their TRXpertise. Lynn Apfel gave 
me some useful ideas about charts and tables. 

Special thanks go to Kitty Laird, who put in untold hours rendering 
figures with Corel Draw. I am grateful to George Kamberov and to Stanley 
Sawyer, who patiently taught me how to incorporate graphics into a TeX 
document. Finally, I thank Louise Farkas for her splendid copyediting. 
Without all these good people, this book could never have been completed 
in its present form. 

Responsibility for all extant shortcomings in the text is mine alone. Sug- 
gestions for improvement, or identification of errata, are always appreci- 
ated. 


St. Louis, Missouri Steven G. Krantz 
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The Complex Plane 
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1.1 Complex Arithmetic 
1.1.1 The Real Numbers 


The real number system consists of both the rational numbers (numbers 
with terminating or repeating decimal expansions) and the irrational num- 
bers (numbers with infinite, non-repeating decimal expansions). The real 
numbers are denoted by the symbol R. We let R? = {(z,y): cr ER, y € R} 
(Figure 1.1). 


1.1.2 The Complex Numbers 


The complex numbers C consist of R* equipped with some special alge- 
braic operations. One defines 


(z,y) + (x,y) =(r+ar',yt+y’), 
(x,y) -(2",y") = (zz’ — yy’, zy’ + yz’). 
These operations of + and - are commutative and associative. 


We denote (1,0) by 1 and (0,1) by 7. If a € R, then we identify a with 
the complex number (a, 0). Using this notation, we see that 


a- (x,y) = (a,0) - (z,y) = (az, ay). (1.1.2.1) 


Thus every complex number (x,y) can be written in one and only one 
fashion in the form z-1+ y-2 with x,y € R. We usually write the number 
even more succinctly as x + ty. The laws of addition and multiplication 
become 


(x + iy) + (a’ + ty’) = (r+2')+i(yt+y’), 
(x + dy) -(2' + iy’) = (aa! — yy’) + i(zy’ + yz’). 
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FIGURE 1.1 
A point in the plane. 
Observe that 7-7 = —1. Finally, the multiplication law is consistent with 


the scalar multiplication introduced in line (1.1.2.1). 

The symbols z, w,¢ are frequently used to denote complex numbers. We 
usually take z = r+iy, w= uti, ¢ = €+in. The real number x 
is called the real part of z and is written x = Rez. The real number y is 
called the imaginary part of z and is written y = Im z. 

The complex number x — 7y is by definition the complex conjugate of the 
complex number zx + iy. If z = x + iy, then we denote the conjugate of z 
with the symbol Z; thus Z = x — iy. 


1.1.3 Complex Conjugate 
Note that z+27 = 22, z—Z= 2ty. Also 


z+w=Z74+4, (1.1.3.1) 

zZ-W=2-W. (1.1.3.2) 

A complex number is real (has no imaginary part) if and only if z = 7. It 
is imaginary (has no real part) if and only if z = —7. 


1.1.4 Modulus of a Complex Number 


The ordinary Euclidean distance of (x,y) to (0,0) is ./xz? + y? (Figure 
1.2). We also call this number the modulus of the complex number z = x+iy 
and we write |z| = ./x? + y?. Note that 

z-Z=a2*+y? =|z\’. 


The distance from z to w is |z—w|. We also have the formulas |z-w| = {z|-|w| 
and |Rez| < |z| and [Im 2| < |z]. 
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FIGURE 1.2 


Distance to the origin or modulus. 


1.1.5 The Topology of the Complex Plane 


If P is a complex number and r > 0, then we set 
D(P,r) ={zEC:|z-P|l <r} (1.1.5.1) 


and 
D(P,r) = {2 €C: |z— P| <r}. (1.1.5.2) 


The first of these is the open disc with center P and radius r; the second 
is the closed disc with center P and radius r (Figure 1.3). We often use 
the simpler symbols D and D to denote, respectively, the discs D(0,1) and 
D(0, 1). 

We say that a set U C C is open if, for each P € C, there is an r > 0 
such that D(P,r) GC U. Thus an open set is one with the property that 
each point P of the set is surrounded by neighboring points that are still 
in the set (that is, the points of distance less than r from P)—see Figure 
1.4. Of course the number r will depend on P. As examples, U = {z € C: 
Rez > 1} is open, but F = {z € C: Rez < 1} is not (Figure 1.5). 

A set E C C is said to be closed if C\ E = {z € C: z ¢ E} (the 
complement of E in C) is open. The set F in the last paragraph is closed. 

It is not the case that any given set is either open or closed. For example, 
the set W = {z € C: 1 < Rez < 2} is neither open nor closed (Figure 
1.6). 

We say that a set E Cc C is connected if there do not exist non-empty 
disjoint open sets U and V such that FE = (UN E) U(VNE). Refer to 
Figure 1.7 for these ideas. It is a useful fact that if E is an open set, then 
E is connected if and only if it is path-connected; this means that any two 
points of E can be connected by a continuous path or curve. See Figure 
1.8. 
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FIGURE 1.3 


An open disc and a closed disc. 
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FIGURE 1.4 


An open set. 
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U ={z:Rez>1 


F= {z:Rez<l} 


FIGURE 1.5 
An open set and a non-open set. 


FIGURE 1.6 
A set that is neither open nor closed. 
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FIGURE 1.7 
A connected set and a disconnected set. 


1.1.6 The Complex Numbers as a Field 
Let 0 denote the number 0 + 70. If z € C, then z+ 0 = z. Also, letting 
—z = —x — iy, we have z + (—z) = 0. So every complex number has an 


additive inverse, and that inverse is unique. 
Since 1 = 1+20, it follows that 1-z = z-1 = z for every complex number 


z. If z #0, then |z|? 4 0 and 
zs 2 
z- ( x ) alae eo (1.1.6.1) 


lz? 


So every non-zero complex number has a multiplicative inverse, and that 
inverse is unique. It is natural to define 1/z to be the multiplicative inverse 


Z/|z|* of z and, more generally, to define 


ZW 
= Tae for w # 0. (1.1.6.2) 


We also have z/w = Z/w. | 
Multiplication and addition satisfy the usual distributive, associative, 


and commutative laws. Therefore C is a field (see [HER]). The field C 
contains a copy of the real numbers in an obvious way: 


Rdorr2r+vec. (1.1.6.3) 
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FIGURE 1.8 
An open set is connected if and only if it is path-connected. 


This identification respects addition and multiplication. So we can think 
of C as a field extension of R: it is a larger field which contains the field R. 


1.1.7 The Fundamental Theorem of Algebra 


It is not true that every non-constant polynomial with real coefficients 
has a real root. For instance, p(x) = x? + 1 has no real roots. The Fun- 
damental Theorem of Algebra states that every polynomial with complex 
coefficients has a complex root (see the treatment in §§3.1.4 below). The 
complex field C is the smallest field that contains R and has this so-called 


algebraic closure property. 


eee 


1.2 The Exponential and Applications 
1.2.1 The Exponential Function 


We define the complex exponential as follows: 


(1.2.1.1) If z =z is real, then 


| 8 


j 
e~ =e" 


j 


00 
j=0 


as in calculus. Here ! denotes “factorial”: j! = j-(j--1)-(j-2)---3- 
2-1. 
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(1.2.1.2) If z = iy is pure imaginary, then 
e* =e =cosy+isiny. 
(1.2.1.3) If z =a + ty, then 
e* = e™ TY = e* .e'¥ — e* . (cosy t+ isiny). 


Part and parcel of the last definition of the exponential is the following 
complex-analytic definition of the sine and cosine functions: 


1z —1Z 
cos z = oo (1.2.1.4) 
| an e 
sin z = 5; (1.2.1.5) 


Note that when z = x + 20 is real this new definition coincides with the 
familiar Euler formula from calculus: 


e’* — cosz +isinz. (1.2.1.6) 


1.2.2 The Exponential Using Power Series 


It is also possible to define the exponential using power series: 
OO 5 
z — —_ 
eo = ) 7" (1.2.2.1) 


Either definition (that in §§1.2.1 or in §§1.2.2) is correct for any z, and they 
are logically equivalent. 


1.2.3. Laws of Exponentiation 


The complex exponential satisfies familiar rules of exponentiation: 


e*tY —e%.e” and (e7)" =e”. (1.2.3.1) 
Also 
(e?)" =e*.--¢@ =e". (1.2.3.2) 
nm times 


1.2.4 Polar Form of a Complex Number 


A consequence of our first definition of the complex exponential —see 
(1.2.1.2)—is that if ¢ € C, |¢| = 1, then there is a unique number @, 
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FIGURE 1.9 
Polar coordinates of a point in the plane. 


0 <6 < 2n, such that ¢ = e” (see Figure 1.9). Here @ is the (signed) angle 


~~ 
between the positive x axis and the ray 0¢. 
Now if z is any non-zero complex number, then 


z= |z|- (5) =|z|-¢ (1.2.4.1) 


|z 


where ¢ = z/|z| has modulus 1. Again letting 0 be the angle between the 


—> 
real axis and 0¢, we see that 


z=|z|-¢ 
_— |z|e? 
=re® , (1.2.4.2) 


where r = |z|. This form is called the polar representation for the com- 
plex number z. (Note that some classical books write the expression 
z= re’ = r(cos@ +isin@) as z = rcis@. The reader should be aware of 
this notation, though we shall not use it in this book.) 


EXAMPLE 1.2.4.1 Let z = 1+ V3%. Then |z| = \/ 1 + (V3)? = 2. 
Hence 
1 v3 


The number in parenthesis subtends an angle of 7/3 with the positive x- 
axis. Therefore | 
1+ V3i =z =2-e'*/3, Oo 
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It is often convenient to allow angles that are greater than or equal to 
2x in the polar representation; when we do so, the polar representation is 
no longer unique. For if k is an integer, then 


e” — cos + isin# = cos(O + 2km) + isin(6 + 2k7) 
= eflO+2kr) (1.2.4.3) 


1.2.56 Roots of Complex Numbers 


The properties of the exponential operation can be used to find the n*® 
roots of a complex number. 


EXAMPLE 1.2.5.1 To find all sixth roots of 2, we let re’? be an 
arbitrary sixth root of 2 and solve for r and @. If 


(re®)° = 2 =2- (1.2.5.1.1) 
or . 
p§ei6F _ 9. eid (1.2.5.1.2) 


then it follows that r = 21/6 € R and 6 = 0 solve this equation. So the 
real number 21/6 . e® — 21/6 is a sixth root of two. This is not terribly 
surprising, but we are not finished. 

We may also solve 


roe 2 — 2.77, (1.2.5.1.3) 
Hence 
r=2/6 9 =2n/6=7/3. (1.2.5.1.4) 
This gives us the number 
. 1 
2/6 ein/3 _ 91/6 (cos 7/3 + isin 1/3) = 21/6 ( + f| (1.2.5.1.5) 


as a sixth root of two. Similarly, we can solve 


7 ei68 — 9. Ani 


5 ei69 — 9. 


e 
76 e168 _ 9, ,6ri 
e 
roe) — 2. ¢€ 


to obtain the other four sixth roots of 2: 


21/6 (-; +3) (1.2.5.1.6) 
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—21/6 (1.2.5.1.7) 
l /3 | 
i/6{ + .Vv9 
Q ( 5-55 } (1.2.5.1.8) 
1 J3 
efi .Vv9 
2 t ix (1.2.5.1.9) 
These are in fact all the sixth roots of 2. O 


EXAMPLE 1.2.5.2 Let us find all third roots of 1. We begin by 
writing 2 as 


j= ett /? (1.2.5.2.1) 
Solving the equation | | 
(re’®)3 — i = et” /? (1.2.5.2.2) 
then yields r = 1 and 6 = 7/6. 
Next, we write i = e5"/2 and solve 
(re’®)> = en/2 (1.2.5.2.3) 


to obtain that r = 1 and 6 = 57/6. 
Lastly, we write i = e’9"/2 and solve 


(re?) — e9/2 (1.2.5.2.4) 


to obtain that r = 1 and @ = 97/6 = 37/2. 
In summary, the three cube roots of 7 are 


eit /6 v8 + ie (1.2.5.2.5) 
| 3 1 
ef /6 3 tis, (1.2.5.2.6) 
etn /2 _ _ 4, (1.2.5.2.7) 


CO 


1.2.6 The Argument of a Complex Number 


The (non-unique) angle 0 associated to a complex number z # 0 is called 
its argument, and is written arg z. For instance, arg(1 +7) = 7/4. But it 
is also correct to write arg(1 +7) = 97/4, 1771/4, —77/4, etc. We generally 
choose the argument @ to satisfy 0 < @ < 27. This is the principal branch 
of the argument—see §§10.1.2, §§10.4.2. 

Under multiplication of complex numbers, arguments are additive and 
moduli multiply. That is, if z = re? and w = se” then 


z-w=re®. se = (rs) - (Ot), (1.2.6.1) 
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1.2.7 Fundamental Inequalities 


We next record a few inequalities. 


The Triangle Inequality: If z,w € C, then 
jz + w| < fz] + |w}. (1.2.7.1) 


More generally, 


n n 
> 45 < > LAP (1.2.7.2) 
j=l j=1 


The Cauchy-Schwarz Inequality: If z,...,z, and w1,...,W,, are com- 
plex numbers, then 


n 7 n 0) 
So zjws} < | do lel? ] | Do lus? |. (1.2.7.3) 


1.3. Holomorphic Functions 
1.3.1 Continuously Differentiable and C* Functions 


In this book we will frequently refer to a domain or a region U C C. 
Usually this will mean that U is an open set and that U is connected (see 
81.1.5). 

Holomorphic functions are a generalization of complex polynomials. But 
they are more flexible objects than polynomials. The collection of all poly- 
nomials is closed under addition and multiplication. However, the collection 
of all holomorphic functions is closed under reciprocals, inverses, exponen- 
tiation, logarithms, square roots, and many other operations as well. 

There are several different ways to introduce the concept of holomor- 
phic function. They can be defined by way of power series, or using the 
complex derivative, or using partial differential equations. We shall touch 
on all these approaches; but our initial definition will be by way of partial 
differential equations. 

If U C R? is open and f : U — R is a continuous function, then f is 
called C! (or continuously differentiable) on U if Of /Ox and Of /Oy exist 
and are continuous on U. We write f € C'(U) for short. 

More generally, if k € {0,1,2,...}, then a real-valued function f on U is 
called C* (k times continuously differentiable) if all partial derivatives of f 
up to and including order k exist and are continuous on U. We write in this 
case f € C*(U). In particular, a C® function is just a continuous function. 
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A function f =u+iv:U — C is called C* if both u and v are C*. 


1.3.2 The Cauchy-Riemann Equations 


If f is any complex-valued function, then we may write f = u+iv, where 
u and v are real-valued functions. 


EXAMPLE 1.3.2.1 Consider 
f(z) =2? = (2? —y*) + i(2zy); 


in this example u = x? — y? and v = 2zry. We refer to u as the real part 
of f and denote it by Ref; we refer to uv as the imaginary part of f and 
denote it by Im f. O 


Now we formulate the notion of “holomorphic function” in terms of the 
real and imaginary parts of f : 
Let U C C be an open set and f : U —-C aC’! function. Write 


f(z) = u(z,y) + to(z,y), 


with z = x + iy and u and v real-valued functions. If u and v satisfy the 
equations 

Ou Ov Ou Ov 

Ox Oy Oy Oz 
at every point of U, then the function f is holomorphic (see §§1.3.4, where 
a formal definition of “holomorphic” is provided). The first order, linear 
partial differential equations in (1.3.2.2) are called the Cauchy-Riemann 
equations. A practical method for checking whether a given function is 
holomorphic is to check whether it satisfies the Cauchy-Riemann equations. 
Another practical method is to check that the function can be expressed 
in terms of z alone, with no Z’s present (see §§1.3.3). 


(1.3.2.2) 


1.3.3 Derivatives 


We define, for f =u+iv: U > C aC?! function, 


o-_} mig) =5( Ou | ov + ud Ov ou 
dz 2 Ox Oy 2 Ox Oy 2\dr dy 


(1.3.3.1) 
and 
st=5( oo f _} Ou ov + t Ov, Ou 
Oz 2 Ox Oy 2 Ox Oy 2\Ox Oy 
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Ifz=ax2+iy, 7 =x — iy, then one can check directly that 


6) 0 _ 
5,7 — 1 a7 > 
(1.3.3.3) 
o <0, | 
z z 


If a C! function f satisfies Of /Oz = 0 on an open set U, then f does not 
depend on z (but it does depend on Z). If instead f satisfies Of /OZ = 0 
on an open set U, then f does not depend on Z (but it does depend on 
z). The condition Of /0Z = 0 is a reformulation of the Cauchy-Riemann 
equations—see §§1.3.4. 


1.3.4 Definition of Holomorphic Function 


Functions f that satisfy (0/0z)f = 0 are the main concern of complex 
analysis. A continuously differentiable (C') function f : U — C defined on 
an open subset U of C is said to be holomorphic if 


OF 


5 = 0 (1.3.4.1) 


at every point of U. Note that this last equation is just a reformulation of 
the Cauchy-Riemann equations (§§1.3.2). To see this, we calculate: 


a 
0= agi (2) 
_ ( = + is) lu(z) + év(z)] 
Ou Ov _|du — dv 
_ E _ a $i E + a | (1.3.4.2) 


Of course the far right-hand side cannot be identically zero unless each of 
its real and imaginary parts is identically zero. It follows that 


Ou Ov _ 9 

Ox Oy 
and 

du, Ov _ 

Oy Ox 


These are the Cauchy-Riemann equations (1.3.2.2). 
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FIGURE 1.10 
The point may approach P arbitrarily. 


1.3.5 The Complex Derivative 


Let U C C be open, P € U, and g: U\ {P} — C a function. We say 
that 
lim, g(2) =f, LEC, (1.3.5.1) 
if for any € > 0 there is a 6 > 0 such that when z € U and 0 < |z— P| <6 
then |g(z) — @| <e. 
We say that f possesses the complex derivative at P if 


im L2—F() 


lim ———; (1.3.5.2) 


exists. In that case we denote the limit by f’(P) or sometimes by 


of 


iP) oF a (P). (1.3.5.3) 


This notation is consistent with that introduced in §§1.3.3: for a holo- 
morphic function, the complex derivative calculated according to formula 
(1.3.5.2) or according to formula (1.3.3.1) is just the same. We shall say 
more about the complex derivative in §2.2.3 and §2.2.4. 

It should be noted that, in calculating the limit in (1.3.5.2), z must 
be allowed to approach P from any direction (see Figure 1.10). As an 
example, the function g(x,y) = x — iy—equivalently, g(z) = Z—does not 
possess the complex derivative at 0. To see this, calculate the limit 


If instead z is allowed to approach P = 0 through values z = iy, then the 

value is 
—ty—-O | 
y0 iy—O 
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Observe that the two answers do not agree. In order for the complex deriva- 
tive to exist, the limit must exist and assume only one value no matter how 
z approaches P. Therefore, this example g does not possess the complex 
derivative at P =. In fact a similar calculation shows that this function 
g does not possess the complex derivative at any point. 

If a function f possesses the complex derivative at every point of its 
open domain U, then f is holomorphic. This definition is equivalent to 
definitions given in §§1.3.2, §§1.3.4. We repeat some of these ideas in §2.2. 


1.3.6 Alternative Terminology for Holomorphic Functions 


Some books use the word “analytic” instead of “holomorphic.” Still 
others say “differentiable” or “complex differentiable” instead of “holo- 
morphic.” ‘The use of the term “analytic” derives from the fact that a 
holomorphic function has a local power series expansion about each point 
of its domain (see §§3.1.6). In fact this power series property is a complete 
characterization of holomorphic functions; we shall discuss it in detail be- 
low. The use of “differentiable” derives from properties related to the 
complex derivative. These pieces of terminology and their significance will 
all be sorted out as the book develops. Somewhat archaic terminology for 
holomorphic functions, which may be found in older texts, are “regular” 
and “monogenic.” 

Another piece of terminology that is applied to holomorphic functions is 
“conformal” or “conformal mapping.” “Conformality” is an important ge- 
ometric property of holomorphic functions that make these functions useful 
for modeling incompressible fluid flow (§§14.2.2) and other physical phe- 
nomena. We shall discuss conformality in §§2.2.5. We shall treat physical 
applications of conformality in Chapter 14. 


a eee 


1.4 The Relationship of Holomorphic and Harmonic 
Functions 


1.4.1 Harmonic Functions 


A C? function u is said to be harmonic if it satisfies the equation 


2 2 
(53 + 5a) u=0. (1.4.1.1) 


This equation is called Laplace’s equation, and is frequently abbreviated as 


Au = 0. (1.4.1.2) 
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1.4.2 Holomorphic and Harmonic Functions 


If f is a holomorphic function and f = w+ iv is the expression of f in 
terms of its real and imaginary parts, then both u and v are harmonic. A 
converse is true provided the functions involved are defined on a domain 
with no holes: 


If R is an open rectangle (or open disc) and if w is a real- 
valued harmonic function on R, then there is a holomorphic 
function F on R such that ReF = u. In other words, for 
such a function u there exists a harmonic function v defined on 
R such that f = u+ iv is holomorphic on R. Any two such 
functions v must differ by a real constant. 

More generally, if U is a region with no holes (a simply 
connected region—see §§2.3.3), and if u is harmonic on U, then 
there is a holomorphic function F on U with Re F = u. In other 
words, for such a function u there exists a harmonic function v 
defined on U such that f = u+ iv is holomorphic on U. Any 
two such functions v must differ by a constant. We call the 
function v a harmonic conjugate for u. 


The displayed statement is false on a domain with a hole, such as an an- 
nulus. For example, the harmonic function u = log(x? + y*), defined on 
the annulus U = {z: 1 < |z| < 2}, has no harmonic conjugate on U. See 
also §§7.1.4. 


Chapter 2 


Complex Line Integrals 


2.1 Real and Complex Line Integrals 


In this section we shall recast the line integral from calculus in complex 
notation. The result will be the complex line integral. 


2.1.1 Curves 


It is convenient to think of a curve as a (continuous) function y from 
a closed interval [a,b] C R into R? = C. In practice it is useful not to 
distinguish between the function y and the image (or set of points that 
make up the curve) given by {7(t) : t € [a,b]}. Refer to Figure 2.1. 


It is often convenient to write 


y(t) =(m(t),re(t)) or ¥(t) = n(t) + t72(¢). (2.1.1.1) 


For example, +(t) = (cost,sint) = cost + isint, t € [0,27], describes the 
unit circle in the plane. The circle is traversed in a counterclockwise manner 
as t increases from 0 to 27. See Figure 2.1. 


2.1.2 Closed Curves 


The curve y : [a,b] — C is called closed if y(a) = (0). It is called 
simple, closed (or Jordan) if the restriction of y to the interval |[a, b) (which 
is commonly written Nia »)) is one-to-one and y(a) = (b) (Figures 2.1, 


2.2). Intuitively, a simple, closed curve is a curve with no self-intersections, 
except of course for the closing up at t = a, D. 


In order to work effectively with y~ we need to impose on it some differ- 
entiability properties. | 
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0 Y(o) 
Y 
a> «) sthe curve ¥ 
a 
Y (a) 
On 
¥(t) =cost + isint 
a 
0 unit circle 
FIGURE 2.1 
Two curves in the plane, one closed. 
~) 
Y¥ (a) =V¥(b) 


FIGURE 2.2 
A simple, closed curve. 
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2.1.3 Differentiable and C* Curves 


A function y : [a,b] — R is called continuously differentiable (or C’), 
and we write y € C'([a, J), if 


(2.1.3.1) y is continuous on [a, 5]; 
(2.1.3.2) y’ exists on (a, b); 
(2.1.3.3) y’ has a continuous extension to |[a, 5]. 


In other words, we require that 
lim ip’ t) and lim y t 
tat ( ) t—b- ( ) 


both exist. 
Note that 


b 
y(b) — v(a) = / y(t) dt, (2.1.3.4) 


so that the Fundamental Theorem of Calculus holds for y € C1({a, 5). 

A curve y: [a,b] — C, with y(t) = y1(t) + t72(t) is said to be continuous 
on [a, | if both 7 and 2 are. The curve is continuously differentiable (or 
C') on [a, b], and we write 


7 € C}({a, b]), (2.1.3.5) 


if 71, y2 are continuously differentiable on |[a, b]. Under these circumstances 


we will write i 4 i 
YS 4 {2 (2.1.3.6) 


dt dt dt ° 
We also write /(t) for dy/dt. 


2.1.4 Integrals on Curves 


Let w : [a,b] — C be continuous on [a, b]. Write a(t) = y(t) + tpPo(t). 
Then we define 


b b b 
/ p(t) dt = / wr(t) dt +3 / bo(t) dt. (2.1.4.1) 


We summarize the ideas presented thus far by noting that if y € C1({a, 6) 
is complex-valued, then 


b 
4(b) — y(a) = / 7y'(t) dt. (2.1.4.2) 


a 
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2.1.5 The Fundamental Theorem of Calculus along Curves 


Now we state the Fundamental Theorem of Calculus (see [THO]) along 
curves. 

Let U C C be a domain and let y : [a,b] — U be a C’ curve. If 
f €C'(U), then 


b 
rood) — Fol) = f (SE BE + Fey) B) at. 2.6.) 


2.1.6 The Complex Line Integral 


When f is holomorphic, then formula (2.1.5.1) may be rewritten (using 
the Cauchy-Riemann equations) as 


b 
f(y(6)) — f(y(@)) = of 7(t)) - 4 dt, (2.1.6.1) 


where, as earlier, we have taken dy/dt to be dy; /dt + idy2/dt. 

This latter result plays much the same role for holomorphic functions as 
does the Fundamental Theorem of Calculus for functions from R to R. The 
expression on the right of (2.1.6.1) is called the complex line integral and 
is denoted 


Of 
f a (2) dz. (2.1.6.2) 


More generally, if g is any continuous function whose domain contains the 
curve y, then the complex line integral of g along y is defined to be 


b 
§ g(z) dz = / a(r(t)) - 2) at. (2.1.6.3) 


The whole concept of complex line integral is central to our further con- 
siderations in later sections. We shall use integrals like the one on the right 
of (2.1.6.1) even when f is not holomorphic; but we can be sure that the 
equality (2.1.6.1) holds only when f is holomorphic. 


2.1.7 Properties of Integrals 


We conclude this section with some easy but useful facts about integrals. 


(2.1.7.1) If y : [a,b] — C is continuous, then 


b b 
[ ewae < | |o(t)| dt. (2.1.7.1.1) 
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(2.1.7.2) If 7: [a,b] > C is a C’ curve and is a continuous function on 


the curve 7, then 
§ oz) de 
Y 


b 
(+) = / Io (t)| at 


< | ana jo()] 4), 


tE[a,b] 


where 


is the length of +. 


(2.1.7.3) The calculation of a complex line integral is independent of the 
way in which we parametrize the path: 


Let U C C be an open set and F': U — C a continuous 
function. Let y : [a,b] — U be a C' curve. Suppose that 
y : [c,d] — [a,b] is a one-to-one, onto, increasing C! function 
with a C’ inverse. Let ¥ = yo y. Then 


pie = f fae (2.1.7.3.1) 


This last statement implies that one can use the idea of 
the integral of a function f along a curve y when the curve y 
is described geometrically but without reference to a specific 
parametrization. For instance, “the integral of Z counterclock- 
wise around the unit circle {z € C : |z| = 1}” is now a phrase 
that makes sense, even though we have not indicated a specific 
parametrization of the unit circle. Note, however, that the di- 
rection counts: The integral of Z counterclockwise around the 
unit circle is 272. If the direction is reversed, then the integral 
changes sign: ‘The integral of Z clockwise around the unit circle 
is —2771. 


(UU 


2.2 Complex Differentiability and Conformality 
2.2.1 Limits 


Until now we have developed a complex differential and integral calculus. 
We now unify the notions of partial derivative and total derivative in the 
complex context. For convenience, we shall repeat some ideas from §1.3. 
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First we need a suitable notion of limit. The definition is in complete 
analogy with the usual definition in calculus: 
Let U C C be open, P € U, and g: U\ {P} — C a function. We say 
that 
lim g(z)=@, @EC, (2.2.1.1) 


z—-P 
if for any € > 0 there is a 6 > 0 such that when z € U and 0 < |z— P| <6, 
then |g(z) — @| <. 


2.2.2 Continuity 


In a similar fashion, if f is a complex-valued function on an open set U 
and P € U, then we say that f is continuous at P if lim,_,p f(z) = f(P). 


2.2.3 The Complex Derivative 


Now let f bea function on the open set U in C and consider, in analogy 
with one variable calculus, the difference quotient 


f(z) — f(P) 
——s (2.2.3.1) 
for P # z € U. In case 
lim £2) - FP) (2.2.3.2) 


z—P z—P 
exists (§§1.3.5), then we say that f possesses a complex derivative at P. 
We denote the complex derivative by f’(P). 
The classical method of studying complex function theory is by means 
of the complex derivative. We take this opportunity to tie up the (well- 
motivated) classical viewpoint with our present one. 


2.2.4 Holomorphicity and the Complex Derivative 


Let U C C be an open set and let f be holomorphic on U. Then f’ exists 
at each point of U and af 
/ 
fi(z)= Ao (2.2.4.1) 
for all z € U (where Of /Oz is defined as in §§1.3.3). 

Note that, as a consequence, we can (and often will) write f’ for Of /Oz 
when f is holomorphic. The following result is a converse: 

If f € C'(U) and f has a complex derivative f’ at each point of U, then f 
is holomorphic on U. In particular, if a continuous, complex-valued function 
f on U has a complex derivative at each point and if f’ is continuous on U, 
then f is holomorphic on U. Such a function satisfies the Cauchy-Riemann 
equations (1.3.2.2). 
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It is perfectly logical to consider an f that possesses a complex derivative 
at each point of U without the additional assumption that f € C1(U). It 
turns out that under these circumstances u and v still satisfy the Cauchy- 
Riemann equations. It is a deeper result, due to Goursat, that if f has 
a complex derivative at each point of U, then f € C1(U) and hence f is 
holomorphic. See [GK], especially the Appendix on Goursat’s theorem, for 
details. 


2.2.5 Conformality 


Now we make some remarks about “conformality.” Stated loosely, a 
function is conformal at a point P € C if the function “preserves angles” 
at P and “stretches equally in all directions” at P. Holomorphic functions 
enjoy both properties: | 

Let f be holomorphic in a neighborhood of P € C. Let wi, we be complex 
numbers of unit modulus. Consider the directional derivatives 


Dy, f(P) = lim (2.2.5.1) 
and 

Dun f(P) = lim LP tea) ~ I). (2.2.5.2) 
Then 


(2.2.5.8) |Du, f(P)| =|Dusf(P)I- 


(2.2.5.4)  If|f’(P)| 40, then the directed angle from w, to w2 equals 
the directed angle from D,,, f(P) to Dw, f(P). 


In fact the last statement has an important converse: If (2.2.5.4) holds 
at P, then f has a complex derivative at P. If (2.2.5.3) holds at P, 
then either f or f has a complex derivative at P. Thus a function that is 
conformal (in either sense) at all points of an open set U must possess the 
complex derivative at each point of U. By the discussion in §§2.2.4, f is 
therefore holomorphic if it is C'. Or, by Goursat’s theorem, it would then 
follow that the function is holomorphic on U, with the C! condition being 
automatic. 
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Ce 
2.3 The Cauchy Integral Theorem and Formula 
2.3.1 The Cauchy Integral Formula 


Suppose that U is an open set in C and that f is a holomorphic function 
on U. Let z € U and let r > 0 be such that D(P,r) C U. Let y: [0,1] — C 
be the C! curve y(t) = P + rcos(2zt) + irsin(2mt). Then, for each z € 


D(P,r), 
f(z) = : gx dé. (2.3.1.1) 


~ Ori C-—2 


2.3.2 The Cauchy Integral Theorem, Basic Form 


If f is a holomorphic function on an open disc U in the complex plane, 
and if 7 : [a,b] —~ U is a C! curve in U with y(a) = 7(b), then 


§ f(z) dz =0. (2.3.2.1) 


An important converse of Cauchy’s theorem is called Morera’s theorem: 


Let f be a continuous function on a connected open set U C C. 
If 


$ f(z)dz =0 (2.3.2.2) 


for every simple, closed curve y in U, then f is holomorphic on 


U. 


In the statement of Morera’s theorem, the phrase “every simple, closed 
curve” may be replaced by “every triangle” or “every square” or “every 
circle.” 


2.3.3. More General Forms of the Cauchy Theorems 


Now we present the very useful general statements of the Cauchy integral 
theorem and formula. First we need a piece of terminology. A curve 7 : 
[a,b] — C is said to be piecewise C* if 


[a, b] = [ao, ai] U [a1, a2] U--- U [am_1, am] (2.3.3.1) 


with a = ap < a1 <-++-Om = band y|,., 1 a5] is C* for 1 < 7 < m. In other 
J—iy? 
words, ¥ is piecewise C* if it consists finitely many C* curves chained end 


to end. 
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FIGURE 2.8 
A curve on which the Cauchy integral theorem is valid. 


Cauchy Integral Theorem: Let f : U — C be holomorphic with U C C 
an open set. Then 


f f(z)dz=0 (2.3.3.2) 


for each piecewise C' closed curve in U that can be deformed in U through 
closed curves to a point in U—see Figure 2.3. 


Cauchy Integral Formula: Suppose that D(z,r) C U. Then 


1 f f(Q) | 

— f aot ae = $2) (2.3.3.3) 
for any piecewise C! closed curve y in U \ {z} that can be continuously 
deformed in U\{z} to OD(z,r) equipped with counterclockwise orientation. 
Refer to Figure 2.4. | : 

A topological notion that is special to complex analysis is simple connec- 
tivity. We say that a domain U C C is simply connected if any closed curve 
in U can be continuously deformed to a point. Simple connectivity is a 
mathematically rigorous condition that corresponds to the intuitive notion 
that the region U has no holes. If U is simply connected, and 7 is a closed 
curve in U, then it follows that 7 can be continuously deformed to lie inside 
a disc in U. It follows that Cauchy’s theorem applies to 7. To summarize: 
on a simply connected region, Cauchy’s theorem applies (without any fur- 
ther hypotheses) to any closed curve in . Likewise, in a simply connected 
U, Cauchy’s integral formula applied to any simple, closed curve that is 
oriented counterclockwise and to any point z that is inside that curve. 
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o” ss 


FIGURE 2.4 
The Cauchy integral formula. 


2.3.4 Deformability of Curves 


A central fact about the complex line integral is the deformability of 
curves. Let y : [a,b] — U be a piecewise C! curve in a region U of the 
complex plane. Let f be a holomorphic function on U. The value of the 
complex line integral 


§ f(z) dz (2.3.4.1) 


does not change if the curve y is smoothly deformed within the region U. 
Note that, in order for this statement to be valid, the curve y must remain 
inside the region of holomorphicity U of f while it is being deformed, and 
it must remain a closed curve while it is being deformed. Figure 2.5 shows 
curves ‘1, Y2 that can be deformed to one another, and a curve 73 that can 
be deformed to neither of the first two (because of the hole inside 3). 


eee 
2.4 A Coda on the Limitations of The Cauchy Integral 
Formula 


If f is any continuous function on the boundary of the unit disc D = 
D(0,1), then the Cauchy integral 


1 fQ 
ani Sop ¢—2% 


defines a holomorphic function F(z) on D (use Morera’s theorem, for ex- 
ample, to confirm this assertion). What does the new function F have to 
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FIGURE 2.5 
Deformability of curves. 


do with the original function f? In general, not much. 

For example, if f(¢) = ¢, then F(z) = 0 (exercise). In no sense is the 
original function f any kind of “boundary limit” of the new function F. 
The question of which functions f are “natural boundary functions” for 
holomorphic functions F’ (in the sense that F is a continuous extension 
of F' to the closed disc) is rather subtle. Its answer is well understood, 
but is best formulated in terms of Fourier series and the so-called Hilbert 
transform. The complete story is given in [KRA4]. 

Contrast this situation for holomorphic function with the much more 
succinct and clean situation for harmonic functions (§7.3). 
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Applications of the Cauchy Theory 


GUUS 


3.1 The Derivatives of a Holomorphic Function 
3.1.1 A Formula for the Derivative 


Let U C C be an open set and let f be holomorphic on U. Then f € 
C™(U). Moreover, if D(P,r) C U and z € D(P,r), then 


a\e ik (9) _ 
@ = Fri Pee Cost FEGLR GLAD 


3.1.2 The Cauchy Estimates 


If f is a holomorphic on a region containing the closed disc D(P,r) and 
if |f| <M on D(P,r), then 


(3.1.2.1) 


3.1.3. Entire Functions and Liouville’s Theorem 


A function f is said to be entire if it is defined and holomorphic on 
all of C, ie., f : C — C is holomorphic. For instance, any holomorphic 
polynomial is entire, e* is entire, and sin z,cosz are entire. The function 
f(z) =1/z is not entire because it is undefined at z = 0. [In a sense that we 
shall make precise later (§4.1, ff.), this last function has a “singularity” at 0.| 
The question we wish to consider is: “Which entire functions are bounded?” 
This question has a very elegant and complete answer as follows: 


Liouville’s Theorem A bounded entire function is constant. 


The reason that Liouville’s theorem is true is so compelling that we include 
it. 


©. G. Krantz, Handbook of Complex Variables 
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Proof: Let f be entire and assume that |f(z)| < M for all z € C. Fix a 
P €C and let r > 0. We apply the Cauchy estimate (3.1.2.1) for k = 1 on 
D(P,r). So 


0 M.-1! 
— f(P)| < ——. 1.3. 
SP) <2 (3.1.8.1) 
Since this inequality is true for every r > 0, we conclude that 


af 


Aa (P) = 0. 
Since P was arbitrary, we conclude that 
OF _ 
Oz 
Therefore f is constant. O 


The reasoning that establishes Liouville’s theorem can also be used to 
prove this more general fact: If f : C — C is an entire function and if for 
some real number C’ and some positive integer k, it holds that 


f(z) < C+ (1+ |2l)* 


for all z, then f is a polynomial in z of degree at most k. 


3.1.4 The Fundamental Theorem of Algebra 


One of the most elegant applications of Liouville’s Theorem is a proof of 
what is known as the Fundamental Theorem of Algebra (see also §§1.1.7): 


The Fundamental Theorem of Algebra: Let p(z) be a non- 
constant (holomorphic) polynomial. Then p has a root. That 
is, there exists an a € C such that p(a) = 0. 


Proof: Suppose not. Then g(z) = 1/p(z) is entire. Also when |z| — oo, 

then |p(z)| — +oo. Thus 1/|p(z)| — 0 as |z| — 00; hence g is bounded. 

By Liouville’s Theorem, g is constant, hence p is constant. Contradiction. 
O 


If, in the theorem, p has degree k > 1, then let a; denote the root 
provided by the Fundamental Theorem. By the Euclidean algorithm (see 
[HUN]), we may divide z — a; into p with no remainder to obtain 


p(z) = (z — a1) - pi(z). (3.1.4.1) 
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Here p; is a polynomial of degree k—1. If k—1 > 1, then, by the theorem, 
p, has a root Q2 . Thus 7; is divisible by (z — a2) and we have 


p(z) = (z — a1) - (2 — Qa) - po(z) (3.1.4.2) 


for some polynomial po(z) of degree k — 2. This process can be continued 
until we arrive at a polynomial p, of degree 0; that is, py is constant. 
We have derived the following fact: If p(z) is a holomorphic polynomial 
of degree k, then there are k complex numbers qj,...ax (not necessarily 
distinct) and a non-zero constant C’ such that 


p(z) =C'- (z—ay)---(z — ag). (3.1.4.3) 


If some of the roots of p coincide, then we say that p has multiple roots. 
To be specific, if m of the values a;,,...,a;,, are equal to some complex 
number a, then we say that p has a root of order m at a (or that p has a 
root of multiplicity m at a). An example will make the idea clear: Let 


p(z) = (z —5)°- (2 +2)°- (2-1): (z+ 6). 


Then we say that p has a root of order 3 at 5, a root of order 8 at —2, and 
it has roots of order 1 at 1 and at —6. We also say that p has simple roots 
at 1 and —6. 


3.1.5 Sequences of Holomorphic Functions and 
their Derivatives 


A sequence of functions 9; defined on a common domain F£ is said to 
converge uniformly to a limit function g if, for each € > 0, there is a 
number N > 0 such that for all 7 > N it holds that |g;(x) — g(x)| < € for 
every x € E. The key point is that the degree of closeness of g;(x) to g(z) 
is independent of x € E. 

Let f; :U — C, 7 =1,2,3..., be a sequence of holomorphic functions 
on an open set U in C. Suppose that there is a function f : U — C 
such that, for each compact subset E (a compact set is one that is closed 
and bounded—see Figure 3.1) of U, the restricted sequence f;|~ converges 
uniformly to f|~. Then f is holomorphic on U. [In particular, f € C°(U).] 

If f;, f, U are as in the preceding paragraph, then, for any k € {0,1,2,...}, 
we have 


(2) f(z) > (2) i(2 (3.1.5.1) 


uniformly on compact sets. 
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FIGURE 3.1 
A compact set is closed and bounded. 


3.1.6 The Power Series Representation of a Holomorphic 
Function 


The ideas being considered in this section can be used to develop our 
understanding of power series. A power series 


3 a;(z — P) (3.1.6.1) 
;=0 


is defined to be the limit of its partial sums 


N 
Sn(z) = So aj(z— PY. (3.1.6.2) 


j=0 


We say that the partial sums converge to the sum of the entire series. 
Any given power series has a disc of convergence. More precisely, let 


1 
ane SUP) os lag" (3.1.6.3) 
The power series (3.1.6.2) will then certainly converge on the disc D(P,r); 
the convergence will be absolute and uniform on any disc D(P,r’) with 
<r, 

For clarity, we should point out that in many examples the sequence 
la; |1/ J actually converges as 7 —> oo. Then we may take r to be equal to 
1/ lim; |a;|!/7. The reader should be aware, however, that in case the 
sequence {|a,;|!/7} does not converge, then one must use the more formal 
definition (3.1.6.3) of r. See [KRA2], [RUD1]. 
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Of course the partial sums, being polynomials, are holomorphic on any 
disc D(P,r). If the disc of convergence of the power series is D(P,r), then 
let f denote the function to which the power series converges. Then for 
any 0 <r! <r we have that 


Sn(z) > f(z), 


uniformly on D(P,r’). We can conclude immediately that f(z) is holomor- 
phic on D(P,r). Moreover, we know that 


(2) swe — (2) 1 (3.1.64) 


This shows that a differentiated power series has a disc of convergence at 
least as large as the disc of convergence (with the same center) of the orig- 
inal series, and that the differentiated power series converges on that disc 
to the derivative of the sum of the original series. In fact, the differentiated 
series has exactly the same radius of convergence as the original. 

The most important fact about power series for complex function theory 
is this: If f is a holomorphic function on a domain U C C, if P € U, and 
if the disc D(P,r) lies in U, then f may be represented as a convergent 
power series on D(P,r). Explicitly, we have 


f(z) =) aj(z — PY, (3.1.6.5) 


where 


(3.1.6.6) 


[Here the exponent % on f denotes the j** derivative.| Thus we have an 
explicit way of calculating the power series expansion of any holomorphic 
function f about a point P of its domain, and we have an a priori knowledge 
of the disc on which the power series representation will converge. 


3.1.7 Table of Elementary Power Series 


The table on the following page presents a summary of elementary power 
series expansions. 
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3.2 The Zeros of a Holomorphic Function 
3.2.1 The Zero Set of a Holomorphic Function 


Let f be a holomorphic function. If f is not identically zero, then it 
turns out that f cannot vanish at too many points. This once again bears 
out the dictum that holomorphic functions are a lot like polynomials. To 
give this notion a precise formulation, we need to recall the topological 
notion of connectedness (§1.1.5). An open set W C C is connected if it is 
not possible to find two disjoint, non-empty open sets U, V in C such that 


W =(UNW)U(VAW). (3.2.1.1) 


Table of Elementary Power Series 


Power Series abt. 0 


{z:|z| < 1} 


{z:|z| < 1} 


e* all z 


log(z + 1) 2 {z:|z| < 1} 


(z +1) {z:|z| <1} 
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FIGURE 3.2 
A discrete set. 


[In the special context of open sets in the plane, it turns out that con- 
nectedness is equivalent to the condition that any two points of W may be 
connected by a curve that lies entirely in W—see the discussion in §§1.1.5 
on path-connectedness.| Now we have: 


Discreteness of the Zeros of a Holomorphic Function 


Let W C C be aconnected (§§1.1.5) open set and let f: W > C 
be holomorphic. Let the zero set of f be Z={zEW: f(z) = 
0}. If there are a 2 € Z and {zj}%2, C Z \ {zo} such that 
2; — 29, then f =0. 


Let us formulate the result in topological terms. We recall that a point 
zy is said to be an accumulation point of a set Z if there is a sequence 
{z;} C Z\ {zo} with lim; 2; = 2. Then the theorem is equivalent to 
the statement: If f : W — C is a holomorphic function on a connected 
(§§1.1.5) open set W and if Z = {z € W: f(z) = 0} has an accumulation 
point in W, then f =0. 


3.2.2 Discrete Sets and Zero Sets 


There is still more terminology concerning the zero set of a holomorphic 
function in §§3.2.1. A set S is said to be discrete if for each s € S there is 
an € > 0 such that D(s,e)M S = {s}. See Figure 3.2. People also say, in a 
slight abuse of language, that a discrete set has points that are “isolated” 
or that S contains only “isolated points.” The result in §§3.2.1 thus asserts 
that if f is a non-constant holomorphic function on a connected open set, 
then its zero set is discrete or, less formally, the zeros of f are isolated. 
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FIGURE 3.3 
A zero set with a boundary accumulation point. 


It is important to realize that the result in §§3.2.1 does not rule out the 
possibility that the zero set of f can have accumulation points in C \ U; 
in particular, a non-constant holomorphic function on an open set U can 
indeed have zeros accumulating at a point of OU. Consider, for instance, 
the function f(z) = sin(1/[1 — z]) on the unit disc. The zeros of this f 
include {1 — 1/[jz]}, and these accumulate at the boundary point 1. See 
Figure 3.3. 


3.2.3 Uniqueness of Analytic Continuation 


A consequence of the preceding basic fact (3.2.1) about the zeros of a 
holomorphic function is this: Let U C C be a connected open set and 
D(P,r) C U. If f is holomorphic on U and flower) =0, then f=0onU. 


Here are some further corollaries: 


(3.2.3.1) Let U C C be a connected open set. Let f,g be holomorphic on 
U. lf {z EU: f(z) = g(z)} has an accumulation point in U, then f = g. 


(3.2.3.2) Let U C C be a connected open set and let f,g be holomorphic 
on U. If f -g =0 on U, then either f =0 on U or g =0 on U. 


(3.2.3.3) Let U C C be connected and open and let f be holomorphic on 
U. If there is a P € U such that | 


(2) f(P)=0 (3.2.3.3.1) 


for every j € {0,1,2,...}, then f =0. 
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FIGURE 3.4 
The principle of persistence of functional relations. 


(3.2.3.4) If f and g are entire holomorphic functions and if f(x) = g(z) 
for alla € RCC, then f = g. It also holds that functional identities that 
are true for all real values of the variable are also true for complex values 
of the variable (Figure 3.4). For instance, 


sin? z+ cos*z=1 for all zEC (3.2.3.4.1) 


because the identity is true for all z = x € R. This is an instance of the 
“principle of persistence of functional relations”—see [GK]. 


Chapter 4 


Isolated Singularities and Laurent 
Series 


eee 


4.1 The Behavior of a Holomorphic Function near an 
Isolated Singularity 


4.1.1 Isolated Singularities 


It is often important to consider a function that is holomorphic on a 
punctured open set U \ {P} Cc C. Refer to Figure 4.1. 


In this chapter we shall obtain a new kind of infinite series expansion 
which generalizes the idea of the power series expansion of a holomorphic 
function about a (nonsingular) point—see §§3.1.6. We shall in the process 
completely classify the behavior of holomorphic functions near an isolated 
singular point (§§4.1.3). 


4.1.2 A Holomorphic Function on a Punctured Domain 


Let U C C be an open set and P € U. Suppose that f: U \{P}— C is 
holomorphic. In this situation we say that f has an isolated singular point 
(or isolated singularity) at P. The implication of the phrase is usually just 
that f is defined and holomorphic on some such “deleted neighborhood” 
of P. The specification of the set U is of secondary interest; we wish to 
consider the behavior of f “near P.” 


4.1.3 Classification of Singularities 


There are three possibilities for the behavior of f near P that are worth 
distinguishing: 
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FIGURE 4.1 
A punctured domain. 


(4.1.3.1) |f(z)| is bounded on D(P,7r)\{P} for somer > 0 with D(P,r) C 
U; i.e., there is some r > 0 and some M > 0 such that |f(z)| < M 
for all z € UN D(P,r) \ {P}. 


(4.1.3.2) lim,_,p |f(z)| = +oo. 


(4.1.3.3) Neither (i) nor (ii). 


4.1.4 Removable Singularities, Poles, and Essential 
Singularities 


We shall see momentarily that, if case (4.1.3.1) holds, then f has a limit 
at P that extends f so that it is holomorphic on all of U. It is commonly 
said in this circumstance that f has a removable singularity at P. In case 
(4.1.3.2), we will say that f has a pole at P. In case (4.1.3.3), f will be 
said to have an essential singularity at P. Our goal in this and the next 
subsection is to understand (4.1.3.1)—(4.1.3.2) in some further detail. 


4.1.5 The Riemann Removable Singularities Theorem 


Let f : D(P,r) \ {P}— C be holomorphic and bounded. Then 


(4.1.5.1) lim,_,p f(z) exists. 
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(4.1.5.2) The function f : D(P,r) > C defined by 


. f(z) if z#P 
fed={ tp 0) =F 


is holomorphic. 


4.1.6 The Casorati-Weierstrass Theorem 


If f : D(P,ro) \ {P} — C is holomorphic and P is an essential 
singularity of f, then f(D(P,r) \ {P}) is dense in C for any 
O<r<7ro. 


Now we have seen that, at a removable singularity P, a holomorphic 
function f on D(P,7r9) \ {P} can be continued to be holomorphic on all of 
D(P,7ro). And, near an essential singularity at P, a holomorphic function 
g on D(P,7ro) \ {P} has image that is dense in C. The third possibility, 
that h has a pole at P, has yet to be described. This case will be examined 
further in the next section. 

We next develop a new type of doubly infinite series that will serve as a 
tool for understanding isolated singularities—especially poles. 


4.2 Expansion around Singular Points 
4.2.1 Laurent Series 
A Laurent series on D(P,r) is a (formal) expression of the form 


> a;(z—P). (4.2.1.1) 


j=—00 


Note that the individual terms are each defined for all z € D(P,r) \ {P}. 


4.2.2 Convergence of a Doubly Infinite Series 


To discuss convergence of Laurent series, we must first make a general 
agreement as to the meaning of the convergence of a “doubly infinite” series 
+00 . rE FTO A. +OO | 
j=—co 2j- We say that such a series converges if d2j=0 Oj and )) 7) aj = 
—] . . 
> j=—co %j Converge in the usual sense. In this case, we set 


+co +0o +co 
Sia; =| doa; ] +] S004 |. (4.2.2.1) 
—0Oo j=0 j=l 
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We can now present the analogues for Laurent series of our basic results 
for power series. 


4.2.3 Annulus of Convergence 


The set of convergence of a Laurent series is either an open set of the 
form {z:0 <1; < |z— P| < rg}, together with perhaps some or all of the 
boundary points of the set, or a set of the form {z:0 <1, < |z—P| < 
+oo}, together with perhaps some or all of the boundary points of the set. 
Such an open set is called an annulus centered at P. We shall let 


D(P, +00) = {z: |z — P| < +oo} =C, (4.2.3.1) 
D(P,0) = {z:|z-P| <0} =9, (4.2.3.2) 

and 
D(P,0) = {P}. (4.2.3.3) 


As a result, all (open) annuli (plural of “annulus”) can be written in the 


form _ 
D(P,r2)\ D(P,r1),  O< 71 < re < +00. (4.2.3.4) 


In precise terms, the “domain of convergence” of a Laurent series is given 
as follows: 
Let 


+00 
> a;(z — P) 


j=—00 


be a doubly infinite series. There are unique nonnegative extended real 
numbers (4.2.3.4) r; and rg (r; or re may be +00) such that the series 
converges absolutely for all z with r; < |z — P| < re and diverges for 
z with |z — P| < r; or |z — P| > ro. Also, if ry < 8; < sq < re, then 

Te |a;(z — P)4| converges uniformly on {z : s; < |z — P| < so} and, 


j=—oo 
+0oo 


consequently, >> j=—co 83 (z—P)) converges absolutely and uniformly there. 


4.2.4 Uniqueness of the Laurent Expansion 


Let 0 < rj < ro < oo. If the Laurent series nea 


on D(P,r2)\D(P,7r1) to a function f, then, for any r satisfying r) < r < Tr, 
and each 7 € Z, 


a;(z— P)? converges 


1 FQ 
a; = — ———--___ d¢. (4.2.4.1 
1 Dri Sic_pjar C— PA 
In particular, the a;’s are uniquely determined by f. 
We turn now to establishing that convergent Laurent expansions of func- 
tions holomorphic on an annulus do in fact exist. 
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4.2.5 The Cauchy Integral Formula for an Annulus 


Suppose that 0 < r; < re < +00 and that f : D(P,r2)\ D(P,r1) > C is 
holomorphic. Then, for each $1, 82 such that r1 < s1 < s2 < r2 and each 
z € D(P, s2) \ D(P, 81), it holds that 


j-2 FO) ge LO ae (aes. 
i(2) f. ¢ f. ¢. (4.2.5.1) 


271 —P|=s2 ¢ —2 271 —P|=s, ¢ —2Z 


4.2.6 Existence of Laurent Expansions 


Now we have our main result: 


If0<ri < re < oo and f : D(P,re)\ D(P,r1) — C is holomorphic, then 
there exist complex numbers a; such that 


+00 
> aj(z— P) (4.2.6.1) 


j=—00 


converges on D(P,r2) \ D(P,r1) to f. If r, < $1 < s2 < re, then the series 
converges absolutely and uniformly on D(P, s2) \ D(P, s1). 

The series expansion is independent of s; and sg. In fact, for each fixed 
7 =0,+1,+2,..., the value of 


_ 1 __F(G) 
aj = Oni ¢-Pler (c — p)iti d¢ (4.2.6.2) 


is independent of r provided that r; < r < ro. 


4.2.7 Holomorphic Functions with Isolated Singularities 


Now let us specialize what we have learned about Laurent series expan- 
sions to the case of f : D(P,r) \ {P} — C holomorphic, that is, to a 
holomorphic function with an isolated singularity: 

If f : D(P,r) \ {P} - C is holomorphic, then f has a unique Laurent 
series expansion 


f(z) = > a;(z — P) (4.2.7.1) 


that converges absolutely for z € D(P,r)\{P}. The convergence is uniform 
on compact subsets of D(P,r) \ {P}. The coefficients are given by 


aif _ F(G) dc, any 0<s<r. (4.2.7.2) 


a; = — : 
7 ni Jancp.s) (¢ — P)i+} 
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4.2.8 Classification of Singularities in Terms of Laurent 
Series 


There are three mutually exclusive possibilities for the Laurent series 


> a;(z— P) 


j=—0o 
about an isolated singularity P: 
(4.2.8.1) a; =0 for all j < 0. 
(4.2.8.2) For some k > 1,a; = 0 for all —oo < j < —k, but a, £0. 
(4.2.8.3) Neither (i) nor (ii) applies. 


These three cases correspond exactly to the three types of isolated sin- 
gularities that we discussed in §4.1.3: case (4.2.8.1) occurs if and only if 
P is a removable singularity; case (4.2.8.2) occurs if and only if P is a 
pole (of order k); and case (4.2.8.3) occurs if and only if P is an essential 
singularity. 

To put this matter in other words: In case (4.2.8.1), we have a power se- 
ries that converges, of course, to a holomorphic function. In case (4.2.8.2), 
our Laurent series has the form 


S aj(z—P) = (2—-P)* S0 aj(z—P)9** = (2—P)* S aj-n(2—P). 


Since a_, # 0, we see that, for z near P, the function defined by the series 
behaves like a_,-(z—P)~*. In short, the function (in absolute value) blows 
up like |z — P|-* as z > P. A graph in (|z|,|f(z)|)-space would exhibit 
a “pole”-like singularity. This is the source of the terminology “pole.” 
See Figure 4.2. Case (4.2.8.3), corresponding to an essential singularity, 
is much more complicated; in this case there are infinitely many negative 
terms in the Laurent expansion and, by Casorati-Weierstrass (§§4.1.6), they 
interact in a complicated fashion. 

Picard’s Great Theorem (§§10.5.3) will tell us more about the behavior 
of a holomorphic function near an essential singularity. | 


OO eee 


4.3 Examples of Laurent Expansions 
4.3.1 Principal Part of a Function 


When f has a pole at P, it is customary to call the negative power 
part of the Laurent expansion of f around P the principal part of f at 


4.3. Examples of Laurent Expansions AT 


| f(z)| 


wn Ot oy 
oo : 


pole at P 
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FIGURE 4.2 
A pole at P. 


P. (Occasionally we shall also use the terminology “Laurent polynomial.” ) 
That is, if 


f(z) = >> aj(z—-P/ (4.3.1.1) 
j=—k 
for z near P, then the principal part of f at P is 


y a,;(z— P). (4.3.1.2) 
j=—k 


As an example, the Laurent expansion about 0 of the function f(z) = 


(22 + 1)/sin(z?) is 


fle) = (2 +1) om 
1 1 
-@'+) 3 Tap 


1 1 
=3 += + (a holomorphic function). 
The principal part of f is 1/z° + 1/z. 
For a second example, consider the function f(z) = (27+2z+2) sin(1/(z+ 
1)). Its Laurent expansion about the point —1 is 


1 1 1 
fe) = (+0? +1): | 5 — aepas t eG 


1 
- mae + 
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a=(+y¢2 2b 19 2 a 
7 6(z+1) 120(z4+1)% 5040(z+1)5 


++. 


The principal part of f at the point —1 is 


6(2+ 1) 120(241) ' 5040(z41) 


4.3.2 Algorithm for Calculating the Coefficients of the 
Laurent Expansion 


Let f be holomorphic on D(P,r) \{P} and suppose that f has a pole of 
order k at P. Then the Laurent series coefficients a; of f expanded about 
the point P, for 7 = —k,-k+1,—k+2,..., are given by the formula 


4 a \ RH . 
% = ETH (= ((z— P)*- f) _ (4.3.2.1) 


eee 


4.4 The Calculus of Residues 
4.4.1 Functions with Multiple Singularities 


It turns out to be useful, especially in evaluating various types of in- 
tegrals, to consider functions that have more than one “singularity.” We 
want to consider the following general question: 


Suppose that f : U \ {Pi, Po,..., Pn} — C is a holomorphic 
function on an open set U C C with finitely many distinct 
points P,, Po,...,P, removed. Suppose further that 


y: (0, 1] —U \ {P;, Po, coe , Pr} (4.4.1.1) 


is a piecewise C! closed curve (§2.3.3) that (typically) “sur- 
rounds” some of the points P,,...,P,. Then how is $, f related 
to the behavior of f near the points P,, Po,...,P,? 


The first step is to restrict our attention to open sets U for which ¢ f 
e e e e e e Y 
is necessarily 0 if P,, P2,...,P, are removable singularities of f. See the 
next subsection. 


4.4.2 The Residue Theorem 


Suppose that U C C is a simply connected open set in C, and that 
P,,..., Py are distinct points of U. Suppose that f: U\{Pi,...,Pr}>C 
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is a holomorphic function and ¥ is a piecewise C’ curve in U\{P,,..., Pn}. 
Set 


R,; = the coefficient of (z — P;)~" 
in the Laurent expansion of f about P;. (4.4.2.1) 


Then 


f f= De ( f == 7) . (4.4.2.2) 


4.4.3 Residues 


The result just stated is used so often that some special terminology is 
commonly used to simplify its statement. First, the number R; is usually 
called the residue of f at P; , written Res;(P;). Note that this terminology 
of considering the number R; attached to the point P; makes sense because 
Res +(P;) is completely determined by knowing f in a small neighborhood 
of P;. In particular, the value of the residue does not depend on what the 
other points P,, k #7, might be, or on how f behaves near those points. 


4.4.4 The Index or Winding Number of a Curve about a 
Point | | 


The second piece of terminology associated to our result deals with the 
integrals that appear on the right-hand side of equation (4.4.2.2). 

If y : [a,b] — C is a piecewise C! closed curve and if P ¢ ¥ = ¥([a,)), 
then the index of y with respect to P, written Ind.,(P), is defined to be the 
number 

—_ § — dé. (4.4.4.1) 

ant Jy G—P 
The index is also sometimes called the “winding number of the curve 
about the point P.” It is a fact that Ind,(P) is always an integer. Figure 
4.3 illustrates the index of various curves with respect to different points 
P. Intuitively, the index measures the number of times the curve wraps 
around P, with counterclockwise being the positive direction of wrapping 
and clockwise being the negative. 

The fact that the index is an integer-valued function suggests that the 
index counts the topological winding of the curve y. Note in particular that 
a curve that traces a circle about the origin k times in a counterclockwise 
direction has index k with respect to the origin; a curve that traces a circle 
about the origin k times in a clockwise direction has index —k with respect 
to the origin. 
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Ind ,, (P} = Ind, (P) = -1 


FIGURE 4.38 
Examples of the index of a curve. 


4.4.5 Restatement of the Residue Theorem 


Using the notation of residue and index, the Residue Theorem’s formula. 
becomes 


$s = 21 - 5 Res,(P,) -Ind,(P;). (4.4.5.1) 
Y j=1 


People sometimes state this formula informally as “the integral of f around 
7 equals 277 times the sum of the residues counted according to the index 
of y about the singularities.” 


4.4.6 Method for Calculating Residues 


We need a method for calculating residues. 
Let f be a function with a pole of order k at P. Then 


0 


k—-1 
Res ¢(P) = =, (5) ((z- P)* f(z)) (4.4.6.1) 


z=P 


This is just a special case of the formula (4.3.2.1). 
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Poles and Laurent Coefficients 


7°" Laurent coefficient of f (ka placer [(z —P)*- f] 


z= 


with pole of order k at P 


1 dk} 
residue of f with a pole (k- Dla [(z —P)*- f] 


of order k at P 


z=P 


order of pole of f at P least integer k > 0 such that 
(z — P)* - f is bounded near P 


mn | 08 FI 


order of pole of f at P 2—>P| log \z _ P| 


4.4.7 Summary Charts of Laurent Series and Residues 


We provide two charts, the first of which summarizes key ideas about 
Laurent coefficients and the second of which contains key ideas about 
residues. 


4.5 Applications to the Calculation of Definite 
Integrals and Sums 


4.5.1 The Evaluation of Definite Integrals 


One of the most classical and fascinating applications of the calculus of 
residues is the calculation of definite (usually improper) real integrals. It 
is an over-simplification to call these calculations, taken together, a “tech- 
nique”: it is more like a collection of techniques. We present several in- 
stances of the method. 
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Techniques for Finding the Residue at P 


‘Type of Pole 


simple lim,_,p(z — P) - f(z) 


pole of order k 


k is the least integer such 
that lim,_,p p(z) exists, 


where (z) = (z — P)* f(z) 


m(P) #0, n(z) = 0, n'(P) £0 


m. has zero of order k at P 


n has zero of order (kK +1) at P 


m has zero of order r at P 


n has zero of order (kK +r) at P 


4.5.2 A Basic Example 


/ : dx, (4.5.2.1) 


xo 1 +24 


To evaluate 


we “complexify” the integrand to f(z) = 1/(1+2*) and consider the integral 


1 
f soe 
‘p 1l+z 


See Figure 4.4. 


Now part of the game here is to choose the right piecewise C! curve or 
“contour” yr. The appropriateness of our choice is justified (after the fact) 
by the calculation that we are about to do. Assume that R > 1. Define 


yb(t) =t+i0 if -—R<t<R, 
y2(t) = Re® if O<t<r. 
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curve Y, Y 


-R 


FIGURE 4.4 
The curve yr in Subsection 4.5.2. 


Call these two curves, taken together, yy or yp. 

Now we set U = C, Py = 1//2+i/V2, Php = —1/V2+i/V2, P3 = 
~1//2 —i/V2, Ps = 1/V2 —i/V2; the points P;, P2, P3, Ps are the poles 
of 1/[1 + z4]. Thus f(z) = 1/(1 + z‘) is holomorphic on U \ {P,,..., Pa} 
and the Residue Theorem applies. 

On the one hand, 


fis —— dz =2ni S© Ind, P;) - Ress (P;), 
j=1,2 


where we sum only over the poles of f that lie inside y. These are P, and 
P,. An easy calculation shows that 


1 1 1 1 
Res(Pi) = Tae ayae (= +izz) 
and 


1 1 1 1 
Res) = aa aap 7a (“ya ta): 


Of course the index at each point is 1. So 


fraenn(- i) at tig) (- at a)| 


=, (4.5.2.2) 


/2 
On the other hand, 


fia “$5 
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Trivially, 


$ —P [ teat [ at (4.5.2.3) 
—z dz = ——, :l1-at— 10.2. 
uy, 1 +2! _plt+t wo ltt 


as R — +00. That is good, because this last is the integral that we wish 
to evaluate. Better still, 


bia The zax 


[Here we use the inequality |1 + 24| > |z|* — 1, as well as (2.1.7.2).] Thus 


1 
fia 
72, 1l+z 


Finally, (4.5.2.2)—-(4.5.2.4) taken together yield 


1 
S mR ar: 


< {length(yR)} - mex\Tp A 


—0 as R — oo. (4.5.2.4) 


7 = lim tak 
Y2 R00 yit+z4 


This solves the problem: the value of the integral is 7/2. 


In other problems, it will not be so easy to pick the contour so that the 
superfluous parts (in the above example, this would be the integral over 
+%,) tend to zero, nor is it always so easy to prove that they do tend to 
zero. Sometimes, it is not even obvious how to complexify the integrand. 


4.5.3 Complexification of the Integrand 


We evaluate 


©, @) 
/ ee de (4.5.3.1) 
«9 1+2 


by using the contour yz as in Figure 4.5 (which is the same as Figure 4.4 
from the previous example). The obvious choice for the complexification 
of the integrand is 

cosz — [e*+e7**]/2_ [e'*e¥ + e **e4] /2 


~E ee (4.5.3.2) 


I= Ta Te 1+ 22 
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-R 


FIGURE 4.5 
The curve yr in Subsection 4.3.3. 


Now |e’*e—¥| = |e~¥| < 1 on yz but |e~**e”| = |e¥| becomes quite large 
on Yr when R is large and positive. There is no evident way to alter the 
contour so that good estimates result. Instead, we alter the function! Let 
g(z) = e*/(1+ 27). 

On the one hand (for R > 1), 


$ g(z) = 277 - Resg(i) - Ind,, (2) 


1 T 
= 2m1{— ]}]-l=-. 
ni(55) e 


On the other hand, with y}(t) =t, -R<t < R, and 72,(t) — Re* 0<t< 


ma, we have 

$ g(z) dz -$ g(z) de + g(z) dz. 

YR YR VR 
Of course 
f, g(z)dz—> f ate as R-—-oo 

R 

And 
$ g(z) dz| < length(72,) -max|g| <7R- — +0 as R- oc. 
v} YR R*—1 


Here we have again used (2.1.7.2). 


Thus 
°° cosz co et T T 
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-R 


FIGURE 4.6 
The curve Yr in Subsection 4.5.4. 


4.5.4 An Example with a More Subtle Choice of Contour 


CO _- 
/ me dz. (4.5.4.1) 


4 bs 


Let us evaluate 


Before we begin, we remark that sinz/zxz is bounded near zero; also, the 
integral converges at oo (as an improper Riemann integral) by integration 
by parts. So the problem makes sense. Using the lesson learned from the 
last example, we consider the function g(z) = e**/z. However, the pole of 
e’?/z is at z = 0 and that lies on the contour in Figure 4.6. Thus that 
contour may not be used. We instead use the contour = pR that is 
depicted in Figure 4.7. 


Define 
up(t)=t, —-R<t<-—1/R, 
u2(t) = e"/R, a <t < Qn, 
un(t)=t, 1/R<t<R, 
up(t) = Re’, O0<t<n. 
Clearly 


On the one hand, for R > 0, 
§ 92) dz = 2niRes,(0) - Ind, (0) = 2a7-1-1 = 2zi. (4.5.4.2) 
pb 
On the other hand, 


f g(z) dz fale) g(z (e)de of © ae as R—- oo. (4.5.4.3) 
pe 


4.5. Applications to the Calculation of Integrals 57 


FIGURE 4.7 
The curve tr in Subsection 4.5.4. 


Furthermore, 
$ oleidel<|6 —— alz)de] +] lz) de 
LA pt pt 
R R 
Im y < VR Im y > VR 
=A+B. 
Now 


A < length(u4,n {z:Im z < VR})- max{|g(z)| : 2 € wh, y < VR} 


<4VR- (5) +0 as R-o. 


Also 
B < length(u4,9 {z : Im z > VR}) - max{|g(z)| : z € ub, y > VR} 


e-VR 
<7Rh- R —-0 as Roo. 


f g(z) dz 


4 
R 


dz = om ei(e/F) tit 
g(z) a eR R° dt 


So 
—0 as R-o. (4.5.4.4) 


Finally, 
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2n «¢ 4t 
= i| ele” /R) ge, 
As R— oo this tends to 
21 
= i| 1 dt 
=i as R- oo. (4.5.4.5) 


In summary, (4.5.4.2) — (4.5.4.5) yield 


o.@) eit 
> —dritinmi as R— ood. 
6 # 


4.5.5 Making the Spurious Part of the Integral Disappear 


Consider the integral 


co i/3 
——~dx. 4.5.5.1 
/ 1+<2? * (4.5.5.1) 


We complexify the integrand by setting f(z) = z!/3/(1+ z?). Note that, 
on the simply connected set U = C\ {iy : y < 0}, the expression z!/ is un- 
ambiguously defined as a holomorphic function by setting z!/3 = r1/3¢'9/3 
when z = re’, 1/2 < 0 < 32/2. We use the contour displayed in Figure 
4.8. 

We must do this since z*’° is not a well-defined holomorphic function in 
any neighborhood of 0. Let us use the notation from the figure. We refer 
to the preceding examples for some of the parametrizations that we now 


use. 
ws 
pf (e)de > [ ip pt 
R 


Clearly 
Of course that is good, but what will become of the integral over u},? We 


have 
—1/R 1/3 
ff 
LR —R 1+t 


1/3 
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-R 


FIGURE 4.8 
The curve Rr in Subsection 4.5.5. 


- / . (=) at 
ivr lt+t? 
R im /341/3 
= / dt 
rR ltt 
(by our definition of z!/3 !). Thus 


co «41/3 
, f(z) det ; f(z) dz (+ (5+) | at as R—- oo. 


LR HR 


On the other hand, 


R1/3 
f(z) dz <mh: a7 9 as Roo 
La _ 
and 
e"/R — 
f fle)de= f Ee pallet [Ret 
R T 
—2r pit /3 
=r | T+ emp >? as R-—- oo. 
So 


f(z)dz- ( + i) [ we dt as R- oo. (4.5.5.2) 
0 
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The calculus of residues tells us that, for R > 1, 


f(z) dz = 27iRes (7) - Ind,,, (2) 
LR 


=n & + 5) | (4.5.5.3) 
Finally, (4.5.5.2) and (4.5.5.3) taken together yield 
co 4h/3 T 
—~ dt = —=. O 
| 1+¢? V3 
4.5.6 The Use of the Logarithm 


While the integral 
[ ae (4.5.6.1) 
9 «t2+6r4+8 —- 


can be calculated using methods of calculus, it is enlightening to perform 
the integration by complex variable methods. Note that if we endeavor 
to use the integrand f(z) = 1/(z? + 6z + 8) together with the idea of the 
last example, then there is no “auxiliary radius” that helps. More precisely, 
((re*)? + 6re®? +8) is a constant multiple of r?+6r+8 only if is an integer 
multiple of 27. The following non-obvious device is often of great utility in 
problems of this kind. Define log z on U = C \ {x : x > 0} by log(re”) = 
(logr) + 710 when 0 < @ < 2z,r > 0. Here logr is understood to be the 
standard real logarithm. Then, on U, log is a well-defined holomorphic 
function. [Observe here that there are infinitely many ways to define the 
logarithm function on U. One could set log(re*”) = (logr) + i(@ + 2kz) 
for any integer choice of k. What we have done here is called “choosing a 
branch” of the logarithm.| 

We use the contour nr displayed in Figure 4.9 and integrate the function 
g(z) = log z/(z* + 6z + 8). Let 


nh(t)=t+i/V2R, 1/V2R<t<R, 
n(t) = Re“, % <t<2r—- Ao, 


where 09(R) = tan~!(1/(RV2R)) 


ng(t) = R-t—i/V2R, 0<t< R-1/V2R, 
nat) =e "/VR, 1/4<t<7n/4. 
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FIGURE 4.9 
The curve nr in Subsection 4.5.6. 


Now 
$ g(z) dz = 2mi(Resp, (2) -1 + Resp, (—4) +1) 
R 
_ 5, ( og(—2) _ log(—4) 
= Ini Ga — a 
flog2+7i log4+7 
(“eS + eS) 
= —milog 2. (4.5.6.2) 


Also, it is straightforward to check that 


f g(z) dz 


2 
R 


f g(z) dz 


4 
R 


— 27 


— Q, 


(4.5.6.3) 


— Q, 


as R — oo. The device that makes this technique work is that, as R — ov, 


log(x + i/W2R) — log(x — i/V2R) > —2rni. 


62 Chapter 4. Isolated Singularities 


_[* dt 
Now (4.5.6.2)—(4.5.6.4) taken together yield 


in dls 
> @+6+8 2°” 


4.5.7 Summing a Series Using Residues 


We sum the series xo 


L 
Sas 4.5.7.1) 
22 72 ( 
jal VON 4 bi 


using contour integration. Define cot z = cosz/sinz. For n = 1,2,... let 
I’, be the contour (shown in Figure 4.10) consisting of the counterclockwise 
oriented square with corners {(+1+%)-(n+5)-7}. For z fixed and n > |z| 
we calculate using residues that 


1 cot ¢ - 1 
ani f ¢(¢ — (C-2o > Laat D FeGa Fa) 


cot Z 1 


z za 


When n > |z|, it is easy to estimate the left-hand side in modulus by 


(5) .[4(2n + 1)q] (<a) +0 as noo. 


Thus we see that 


CO 


3 1 4 - _ _ cotz 4 i 
= ju(jm — z) ju(jn+z) ze 


We conclude that 


or 


This is the desired result . O 
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FIGURE 4.10 
The curve T, in Subsection 4.5.7. 


4.5.8 Summary Chart of Some Integration Techniques 


On the next page we present, in chart form, just a few of the key methods 
of using residues to evaluate definite integrals. 


Ne EEE 


4.6 Meromorphic Functions and Singularities at 
Infinity 


4.6.1 Meromorphic Functions 


We have considered carefully those functions that are holomorphic on sets 
of the form D(P,r) \ {P} or, more generally, of the form U \ {P}, where 
U is an open set in C and P € U. As we have seen in our discussion of the 
calculus of residues, sometimes it is important to consider the possibility 
that a function could be “singular” at more than just one point. The 
appropriate precise definition requires a little preliminary consideration of 
what kinds of sets might be appropriate as “sets of singularities.” 


4.6.2 Discrete Sets and Isolated Points 


A set S in C is discrete if and only if for each z € S there is a positive 
number r (depending on z) such that 


$9 D(z,r) = {2}. (4.6.2.1) 


We also say in this circumstance that S consists of isolated points. This 
latter terminology is something of an abuse of language since being discrete 
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is a property of the set S, not of the individual points in S. 


4.6.3 Definition of Meromorphic Function 


Now fix an open set U; we next define the central concept of meromorphic 
function on U. 

A meromorphic function f on U with singular set S is a function f : 
U\ S —C such that 


(4.6.3.1) S is discrete; 


(4.6.3.2) f is holomorphic on U \ S (note that U \ S is necessarily open 
in C); : 


(4.6.3.3) for each P € S and r > 0 such that D(P,r) C U and SN 
D(P,r) = {P}, the function f| D(P,r)\{P} has a (finite order) pole at 
P. 


For convenience, one often suppresses explicit consideration of the set S 
and just says that f is a meromorphic function on U. Sometimes we say, 
informally, that a meromorphic function on U is a function on U that is 
holomorphic “except for poles.” Implicit in this description is the idea that 
a pole is an “isolated singularity.” In other words, a point P is a pole of f 
if and only if there is a disc D(P,r) around P such that f is holomorphic 
on D(P,r)\{P} and has a pole at P. Back on the level of precise language, 
we see that our definition of a meromorphic function on U implies that, for 
each P € U, either there is a disc D(P,r) C U such that f is holomorphic 
on D(P,r) or there is a disc D(P,r) € U such that f is holomorphic on 
D(P,r) \ {P} and has a pole at P. 


4.6.4 Examples of Meromorphic Functions 


Meromorphic functions are very natural objects to consider, primarily 
because they result from considering the (algebraic) reciprocals of holo- 
morphic functions: 

If U is a connected open set in C and if f : U — C is a holomorphic 
function with f #0, then the function 


F:U\{z: f(z) =0}-C (4.6.4.1) 


defined by F(z) = 1/f(z) is a meromorphic function on U with singular 
set (or pole set) equal to {z € U : f(z) = 0}. In a sense that can be 
made precise, all meromorphic functions arise as quotients of holomorphic 
functions. 
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Use of Residues to Evaluate Integrals 


Integral Properties of Value of Integral 


No poles of f(z) | J = 2mi x 
on real axis. sum of residues 
Finite number of of f in upper 
poles of f(z) ee plane 
in plane. 
FQ < Se 


for z large. 


f(z) may have I = 2m x 
simple poles on sum of residues 
real axis. Finite of f in upper 


number of poles of half plane 


f(z) in plane. 4+ 14 x 
If (z)| < aa sum of residues 
for z large. of f(z) 
on e) axis 


p,q polynomials. I = 2ni x 


q has no real zeros. of p(z 
in upper half 
plane 


p,q polynomials. | J = 271 x 
[deg p| + 2 < degg. of p(2)/ of rats) 
p(z)/q(z) may of p(z 
have simple poles in Ae Wh 
on real axis. plane 


+71 xX 
ot :) jaz) 
of p(z 


on 12)/9 axis 


[deg p] + 2 < degg. orp of ao | 


66 Chapter 4. Isolated Singularities 


Use of Residues to Evaluate Integrals, Continued 


Integral Value of Integral 


a > 0, * Iatee [=2n7i x 


If(z)| S Tz] 7 sum of residues 
No poles of f of et f(z) 


on real axis. in upper half 
plane 


a > 0, z large = 271 X 


C 
If(z)| < lal sum of residues 
f(z) may have of oe f/ (z) 
simple poles on in upper half 
real axis plane 


+74 xX 


sum of residues 
of e°°? f(z) 


on real axis 


4.6.5 Meromorphic Functions with Infinitely Many Poles 


It is quite possible for a meromorphic function on an open set U to have 
infinitely many poles in U. The function 1/sin(1/z) is an obvious example 
on U = D\ {0}. 


4.6.6 Singularities at Infinity 


Our discussion so far of singularities of holomorphic functions can be 
generalized to include the limit behavior of holomorphic functions as |z| > 
+oo. This is a powerful method with many important consequences. Sup- 
pose for example that f : C — C is an entire function. We can associate to 
f a new function G : C \ {0} > C by setting G(z) = f(1/z). The behavior 
of the function G near 0 reflects, in an obvious sense, the behavior of f as 
|z| + +oo. For instance 


lim |f(z)| = +00 (4.6.6.1) 
|z|>+00 


if and only if G has a pole at 0. 
Suppose that f : U — C is a holomorphic function on an open set U C C 
and that, for some R > 0,U D {z: |z| > R}. Define G: {z: 0 < |z| < 
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1/R} — C by G(z) = f(1/z). Then we say that 


(4.6.6.2) f has a removable singularity at oo if G has a removable singu- 
larity at 0. 


(4.6.6.3) f has a pole at oo if G has a pole at 0. 


(4.6.6.4) f has an essential singularity at oo if G has an essential singu- 
larity at 0. 


4.6.7 The Laurent Expansion at Infinity 


The Laurent expansion of G around 0, G(z) = yr Anz”, yields imme- 
diately a series expansion for f which converges for |z| > R, namely, 


-+-0o 
f(z) = G(1/z) = Yas = Saenz”. (4.6.7.1) 


The series ye A_n2" is called the Laurent expansion of f around oo. 
It follows from our definitions and from our earlier discussions that f has 
a removable singularity at oo if and only if the Laurent series of f at oo 
has no positive powers of z with non-zero coefficients. Also f has a pole at 
oo if and only if the series has only a finite number of positive powers of 
z with non-zero coefficients. Finally, f has an essential singularity at oo if 
and only if the series has infinitely many positive powers. 


4.6.8 Meromorphic at Infinity 


Suppose that f : C — C is an entire function. Then lim),)_,4.0 |f(z)| = 
+oo if and only if f is a nonconstant polynomial. In other words, an 
entire function that is not a polynomial will have an essential singularity 
at infinity. 

The entire function f has a removable singularity at oo if and only if f 
is a constant. 

Suppose that f is a meromorphic function defined on an open set U C C 
such that, for some R > 0, we have U D {z: |z| > R}. We say that f is 
meromorphic at oo if the function G(z) = f(1/z) is meromorphic in the 
usual sense on {z: |z| < 1/R}. 


4.6.9 Meromorphic Functions in the Extended 
Plane 


The definition of “meromorphic at oo” as given is equivalent to requiring 
that, for some R’ > R, f has no poles in {z € C: R’ < |z| < co} and that 
f has a pole at oo. 
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A meromorphic function f on C which is also meromorphic at oo must 
be a rational function (that is, a quotient of polynomials in z). Conversely, 
every rational function is meromorphic on C and at oo. 


Remark: It is conventional to rephrase the ideas just presented by saying 
that the only functions that are meromorphic in the “extended plane” are 
rational functions. We will say more about the extended plane in §§6.3.1- 
6.3.3. 


Chapter 5 


The Argument Principle 


5.1 Counting Zeros and Poles 


5.1.1 Local Geometric Behavior of a Holomorphic 
Function 


In this chapter, we shall be concerned with questions that have a geomet- 
ric, qualitative nature rather than an analytical, quantitative one. These 
questions center around the issue of the local geometric behavior of a holo- 
morphic function. 


5.1.2 Locating the Zeros of a Holomorphic Function 


Suppose that f : U — C is a holomorphic function on a connected, 
open set U C C and that D(P, r) C U. We know from the Cauchy integral 
formula that the values of f on D(P,r) are completely determined by the 
values of f on OD(P,r). In particular, the number and even the location 
of the zeros of f in D(P,r) are determined in principle by f on OD(P,r). 
But it is nonetheless a pleasant surprise that there is a semple formula for 
the number of zeros of f in D(P,r) in terms of f (and f’) on OD(P,r). 
In order to obtain a precise formula, we shall have to agree to count zeros 
according to multiplicity (see §§3.1.4). We now explain the precise idea. 


Let f :U — C be holomorphic as before, and assume that f has some 
zeros in U but that f is not identically zero. Fix zo € U such that f(z) = 0. 
Since the zeros of f are isolated, there is an r > 0 such that D(z,r) CU 
and such that f does not vanish on D(zo,r) \ {zo}. 


Now the power series expansion of f about Zo has a first non-zero term 
determined by the least positive integer n such that f‘)(z9) 4 0. (Note 
that n > 1 since f(z) = 0 by hypothesis.) Thus the power series expansion 


». G. Krantz, Handbook of Complex Variables 
: ) } 
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of f about zo begins with the n“" term: 
~~. 10) , 
f(zj= >> 1S Cas)(z — 29). (5.1.2.1) 


Under these circumstances we say that f has a zero of order n (or multi- 
plicity n) at 2. When n = 1, then we also say that zo is a simple zero of 


f. 


5.1.3 Zero of Order n 


The concept of zero of “order n,” or “multiplicity n,” for a function f 
is so important that a variety of terminology has grown up around it (see 
also §§3.1.4). It has already been noted that when the multiplicity n = 1, 
then the zero is sometimes called szmple. For arbitrary n, we sometimes 
say that “n is the order of zo as a zero of f.” More generally if f(z) = 6 
so that, for some n > 1, the function f(-) — @ has a zero of order n at 
Zg, then we say either that “f assumes the value @ at zo to order n” or 
that “the order of the value @ at 2 is n.” When n > 1, then we call z a 
multiple point of the function f. 

The next result provides a method for computing the multiplicity n of 
the zero at 2 from the values of f, f’ on the boundary of a disc centered 
at Zo. 


5.1.4 Counting the Zeros of a Holomorphic Function 


If f is holomorphic on a neighborhood of a disc D(P,r) and has a zero 
of order n at P and no other zeros in the closed disc, then 


1 £0) gp 
ai Somer FO) dG =n. (5.1.4.1) 


More generally, we consider the case that f has several zeros—with dif- 
ferent locations and different multiplicities—inside a disc: Suppose that 
f : U — C is holomorphic on an open set U C C and that D(P,r) C U. 
Suppose that f is non-vanishing on 0D(P,r) and that 21, 2o,..., 2, are the 
zeros of f in the interior of the disc. Let ng be the order of the zero of f 
at zp, €=1,...,k. Then 


k 


_ f'(G) 4. 
ot Lp 


Refer to Figure 5.1 for illustrations of both these situations. 
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FIGURE 5.1 
Locating the zeros of a holomorphic function. 


5.1.5 The Argument Principle 


This last formula, which is often called the argument principle, is both 
useful and important. For one thing, there is no obvious reason why the 
integral in the formula should be an integer, much less the crucial integer 
that it is. Since it is an integer, it is a counting function; and we need to 
learn more about it. 

The integral 

1 "Q) 
2nt Jie pi=r F(9) 


can be reinterpreted as follows: Consider the C! closed curve 


dc (5.1.5.1) 


y(t) = f(P + re’) , t € [0, 27]. (5.1.5.2) 
, 1 IO ? y(t) 
/ | re A t 


as you can check by direct calculation. The expression on the right is just 
the index of the curve y with respect to 0 (with the notion of index that 
we defined earlier—§§4.4.4). See Figure 5.2. Thus the number of zeros of 
f (counting multiplicity) inside the circle {¢ : |¢ — P| = r} is equal to the 
index of 7 with respect to the origin. This, intuitively speaking, is equal to 
the number of times that the f-image of the boundary circle winds around 
0 in C. 
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FIGURE 5.2 
The argument principle: counting the zeros. 


The argument principle can be extended to yield information about 
meromorphic functions, too. We can see that there is hope for this no- 
tion by investigating the analog of the argument principle for a pole. 


5.1.6 Location of Poles 


If f :U \ {Q} — C is a nowhere-zero holomorphic function on U \ {Q} 
with a pole of order n at Q and if D(Q,r) C U, then 


2s f'Q a _ 
ani Parvon HO d¢ = (5.1.6.1) 


5.1.7 The Argument Principle for Meromorphic Functions 


Just as with the argument principle for holomorphic functions, this new 
argument principle gives a counting principle for zeros and poles of mero- 
morphic functions: 

Suppose that f is a meromorphic function on an open set U C C, that 
D(P,r) CU, and that f has neither poles nor zeros on 0D(P,r). Then 


: FAG) ae — D- ym, (5.1.7.1) 


2ni Japp ,) i Gl 


where n1,72,...,Mp are the multiplicities of the zeros z1, 22,..., Zp of f in 
D(P,r) and m,,mg2,...,Mq are the orders of the poles w;, w,...,Wq of f 
in D(P,r). 
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FIGURE 5.3 
The open mapping principle. 
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5.2 The Local Geometry of Holomorphic Functions 
5.2.1 The Open Mapping Theorem 


The argument principle for holomorphic functions has a consequence that 
is one of the most important facts about holomorphic functions considered 
as geometric mappings: 


If f :U — C is a non-constant holomorphic function on a con- 
nected open set U, then f(U) is an open set in C. 


(5.2.1.1) 


See Figure 5.3. The result says, in particular, that if U C C is connected 
and open and if f : U — C is holomorphic, then either f(U) is a connected 
open set (the non-constant case) or f(U) is a single point. 

In the subject of topology, a function f is defined to be continuous if the 
inverse image of any open set under f is also open. In contexts where the e— 
6 definition makes sense, the ¢ — 6 definition (§§2.2.1, 2.2.2) is equivalent to 
the inverse-image-of-open-sets definition. By contrast, functions for which 
the direct image of any open set is open are called “open mappings.” 

Here is a quantitative, or counting, statement that comes from the proof 
of the open mapping principle: Suppose that f : U — C is a non-constant 
holomorphic function on a connected open set U such that P € U and 
f(P) = Q with order k. Then there are numbers 6,¢€ > 0 such that each 
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q € D(Q,«) \ {Q} has exactly k distinct pre-images in D(P,6) and each 
pre-image is a simple point of f. 

The considerations that establish the open mapping principle can also 
be used to establish the fact that if f : U — V is a one-to-one and onto 
holomorphic function, then f~! : V > U is also holomorphic. 


eee 

5.3 Further Results on the Zeros of Holomorphic 
Functions 

5.3.1 Rouché’s Theorem 


Now we consider global aspects of the argument principle. 
Suppose that f,g : U — C are holomorphic functions on an open set 
U CC. Suppose also that D(P,r) C U and that, for each ¢ € OD(P,r), 


IF(S) — 9(¢)1 < 1F(C)| + [oI (5.3.1.1) 
men OQ» 1 0) 
+ _ it g 
2nt Jancp,r) £(9) a 2nt Japcp,r) 9(S) “ (6.3.1.2) 


That is, the number of zeros of f in D(P,r) counting multiplicities equals 
the number of zeros of g in D(P,r) counting multiplicities. 


Remark: Rouché’s theorem is often stated with the stronger hypothesis 


that 
IF(C) — 99) < I9(¢)| (5.3.1.3) 
for ¢ € OD(P,r). Rewriting this hypothesis as 


Pea - 1 <1, (5.3.1.4) 


we see that it says that the image y under f/g of the circle 0D(P,r) lies in 
the disc D(1,1). See Figure 5.4. Our weaker hypothesis that | f(¢) —9(¢)| < 
|f(C)| + |g(¢)| has the geometric interpretation that f(¢)/g(¢) lies in the 
set C \ {2 +10: « < 0}. Either hypothesis implies that the image of the 
circle 0D(P,r) under f has the same “winding number” around 0 as does 
the image under g of that circle. 


5.3.2 Typical Application of Rouché’s Theorem 


EXAMPLE 5.3.2.1 Let us determine the number of roots of the poly- 
nomial f(z) = z’ + 523 — z — 2 in the unit disc. We do so by comparing 
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FIGURE 5.4 


Rouché’s theorem. 


the function f to the holomorphic function g(z) = 5z° on the unit circle. 
For |z| = 1 we have 


f(z) — 9(2)| = |e" — 2-21 $4 < |o(Q)] SIF) + I9()I. 


By Rouché’s theorem, f and g have the same number of zeros, counting 
multiplicity, in the unit disc. Since g has three zeros, so does f. O 


5.3.3 Rouché’s Theorem and the Fundamental Theorem 
of Algebra 


Rouché’s theorem provides a useful way to locate approximately the 
zeros of a holomorphic function that is too complicated for the zeros to 
be obtained explicitly. As an illustration, we analyze the zeros of a non- 
constant polynomial 


P(z) = 2” +.n_12""* + n—oz™ 7 +... +012 + a0. (5.3.3.1) 


If R is sufficiently large (say R > max{1, n-maxo<j<n-1 |a;|}) and |z| = R, 
then 
[Qn—12" 1 + Qn_9z™ 27 +... + a9| 
oo 


Thus Rouché’s theorem applies on D(0, R) with f(z) = z” and g(z) = P(z). 
We conclude that the number of zeros of P(z) inside D(0, R), counting mul- 
tiplicities, is the same as the number of zeros of z” inside D(0, R), counting 
multiplicities—namely n. Thus we recover the Fundamental Theorem of 
Algebra. Incidentally, this example underlines the importance of counting 
zeros with multiplicities: the function z” has only one root in the naive 


<1. (5.3.3.2) 
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sense of counting the number of points where it is zero; but it has n roots 
when they are counted with multiplicity. 


5.3.4 Hurwitz’s Theorem 


A second useful consequence of the argument principle is the following 
result about the limit of a sequence of zero-free holomorphic functions: 


Hurwitz’s theorem Suppose that U C C is a connected open 
set and that {f;} is a sequence of nowhere-vanishing holomor- 
phic functions on U. If the sequence {f;} converges uniformly 
on compact subsets of U to a (necessarily holomorphic) limit 
function fo, then either fo is nowhere-vanishing or fo = 0. 


eee 


5.4 The Maximum Principle 
5.4.1 The Maximum Modulus Principle 


A domain in C is a connected open set (§§1.3.1). A bounded domain is 
a connected open set U such that there is an R > 0 with |z| < R for all 
z € U—or U C D(0, R). 


The Maximum Modulus Principle 


Let U C C be a domain. Let f be a holomorphic function on 
U. If there is a point P € U such that |f(P)| > |f(z)| for all 
z € U, then f is constant. 


Here is a sharper variant of the theorem: 


Let U C C be a domain and let f be a holomorphic function on 
U. If there is a point P € U at which |f| has a local maximum, 
then f is constant. 


5.4.2 Boundary Maximum Modulus Theorem 


The following version of the maximum principle is intuitively appealing, 
and is frequently useful. 


Let U C C be a bounded domain. Let f be a continuous func- 
tion on U that is holomorphic on U. Then the maximum value 
of |f| on U (which must occur, since U is closed and bounded— 
see [RUD1], [KRA2]) must in fact occur on OU. 
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In other words, 
max |f| = max || 


5.4.3 The Minimum Principle 


Holomorphic functions (or, more precisely, their moduli) can have in- 
terior minima. The function f(z) = z* on D(0,1) has the property that 
z = 0 is a global minimum for |f|. However, it is not accidental that this 
minimum value is 0: 


Let f be holomorphic on a domain U C C. Assume that f never 
vanishes. If there is a point P € U such that |f(P)| < |f(z)| for 
all z € U, then f is constant. This result is proved by applying 
the maximum principle to the function 1/f. 


There is also a boundary minimum principle: 


Let U CC be a bounded domain. Let f be a continuous func- 
tion on U that is holomorphic on U. Assume that f never van- 
ishes on U. Then the minimum value of |f| on U (which must 
occur, since U is closed and bounded—see [RUD1], [KRAQ2]) 
must occur on OU. 


In other words, 
min Jf] = min |]. 


5.4.4 The Maximum Principle on an Unbounded Domain 


It should be noted that the maximum modulus theorem is not always 
true on an unbounded domain. The standard example is the function 
f(z) = exp(exp(z)) on the domain U = {z = a+iy: —1/2 < y < 1/2}. 
Check for yourself that |f| = 1 on the boundary of U. But the restriction 
of f to the real number line is unbounded at infinity. The theorem does, 
however, remain true with some additional restrictions. The result known 
as the Phragmen-Lindelof theorem is one method of treating maximum 
modulus theorems on unbounded domains (see [RUD2]). 


WU 


5.5 The Schwarz Lemma 


This section treats certain estimates that bounded holomorphic func- 
tions on the unit disc necessarily satisfy. We present the classical, analytic 
viewpoint in the subject (instead of the geometric viewpoint—see [KRA1)). 


78 Chapter 5. The Argument Principle 


5.5.1 Schwarz’s Lemma 
Let f be holomorphic on the unit disc. Assume that 


(5.5.1.1) |f(z)| < 1 for all z. 

(5.5.1.2) f(0) =0. 

Then |f(z)| < |z| and |f’(0)| < 1. 

If either |f(z)| = |z| for some z # 0 or if |f’(0)| = 1, then f 
is a rotation: f(z) = az for some complex constant a of unit 
modulus. 


Schwarz’s lemma enables one to classify the invertible holomorphic self- 
maps of the unit disc (see [GK]). (Here a self-map of a domain U is a 
mapping F' : U — U of the domain to itself.) These are commonly referred 
to as the “conformal self-maps” of the disc. The classification is as follows: 
If 0 < @ < 27, then define the rotation through angle @ to be the function 
po(z) = ez; if a is a complex number of modulus less than one, then define 
the associated Mébius transformation to be va(z) = [z — al/[1 — Gz]. Any 
conformal self-map of the disc is the composition of some rotation pg with 
some Mobius transformation yg. This topic is treated in detail in §6.2. 

We conclude this section by presenting a generalization of the Schwarz 
lemma, in which we consider holomorphic mappings f': D — D, but we 
discard the hypothesis that f(0) = 0. This result is known as the Schwarz- 
Pick lemma. 


5.5.2 The Schwarz-Pick Lemma 
Let f be holomorphic on the unit disc. Assume that 


(5.5.2.1) |f(z)| <1 for all z. 
(5.5.2.2) f(a) =b for some a,b € D(0,1). 


Then 
1 — |b|° 
’ < 0.2. 
F@l< op (5.5.2.3) 
Moreover, if f(a,) = 6; and f(a2) = be, then 
ba Or | | a2 a | (5.5.2.4) 
1 — bib 1 — @ja2 
There is a “uniqueness” result in the Schwarz-Pick Lemma. If either 
F 1 — |b|2 bo a bi ag— aj . 
= — = |————-| with a; a2, 
lf (a)| 1 — |a|? 1 — By bo 1 — Gao iF 2 
(5.5.2.5) 


then the function f is a conformal self-mapping (one-to-one, onto holomor- 
phic function) of D(0,1) to itself. 


Chapter 6 


The Geometric Theory of 
Holomorphic Functions 


eee 


6.1 The Idea of a Conformal Mapping 
6.1.1 Conformal Mappings 


The main objects of study in this chapter are holomorphic functions 
h:U — V, with U and V open in C, that are one-to-one and onto. Such 
a holomorphic function is called a conformal (or biholomorphic) mapping. 
The fact that h is supposed to be one-to-one implies that h’ is nowhere zero 
on U [remember that if h’ vanishes to order k > 0 at a point P € U, then 
h is (k + 1)-to-1 in a small neighborhood of P—see §85.2.1]. As a result, 
h-!:V —U is also holomorphic—as we discussed in §§5.2.1. A conformal 
map h: U — V from one open set to another can be used to transfer 
holomorphic functions on U to V and vice versa: that is, f : V — C is 
holomorphic if and only if f oh is holomorphic on U; and g: U — C is 
holomorphic if and only if go h~! is holomorphic on V. 


Thus, if there is a conformal mapping from U to V, then U and V are 
essentially indistinguishable from the viewpoint of complex function theory. 
On a practical level, one can often study holomorphic functions on a rather 
complicated open set by first mapping that open set to some simpler open 
set, then transferring the holomorphic functions as indicated. 


6.1.2 Conformal Self-Maps of the Plane 


The simplest open subset of C is C itself. Thus it is natural to begin our 
study of conformal mappings by considering the conformal mappings of C 
to itself. In fact the conformal mappings from C to C can be explicitly 
described as follows: 


». G. Krantz, Handbook of Complex Variables 
: ) } 
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A function f : C — C is a conformal mapping if and only if 
there are complex numbers a, b with a # 0 such that 


f(z) =az+b , zEC. (6.1.2.1) 


One aspect of the result is fairly obvious: If a,b € C and a # 0, then the 
map z+ az+6 is certainly a conformal mapping of C to C. In fact one 
checks easily that z + (z — b)/a is the inverse mapping. The interesting 
part of the assertion is that these are in fact the only conformal maps of C 
to C. 

A generalization of this result about conformal maps of the plane is the 
following (consult §§4.6.8 as well as the detailed explanation in [GK]): 


If h: C > C is a holomorphic function such that 


then fh is a polynomial. 


TT 


6.2 Conformal Mappings of the Unit Disc 
6.2.1 Conformal Self-Maps of the Disc 


In this section we describe the set of all conformal maps of the unit disc 
to itself. Our first step is to determine those conformal maps of the disc to 
the disc that fix the origin. Let D denote the unit disc. 

Let us begin by examining a conformal mapping f : D — D of the unit 
disc to itself and such that f(0) = 0. We are assuming that f is one-to-one 
and onto. Then, by Schwarz’s lemma (§§5.5.1), |f’(0)| < 1. This reasoning 
applies to f—! as well, so that |(f~1)’(0)| < 1 or |f’(0)| > 1. We conclude 
that |f’(0)| = 1. By the uniqueness part of the Schwarz lemma, f must be 
a rotation. So there is a complex number w with |w| = 1 such that 


f(z) =wz VzeE D. (6.2.1.1) 


It is often convenient to write a rotation as 


po(z) = ez, 
where we have set w = e”? with 0 < 6 < 2z. 
We will next generalize this result to conformal self-maps of the disc that 
do not necessarily fix the origin. 
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6.2.2 Mobius Transformations 
Construction of M6bius Transformations For a € C, |a| < 1, we define 


2—a 


a = . 6.2.2.1 
Pa(2z) = 7 ( ) 
Then each y, is a conformal self-map of the unit disc. 
To see this assertion, note that if |z| = 1, then 
z-—a Z(z —a) 1—az 
~ = = = 1. 2.2.2 
(Pa(2)| 1 —az 1 —az F — az (6 


Thus y, takes the boundary of the unit disc to itself. Since y,(0) = —a € 
D, we conclude that y, maps the unit disc to itself. The same reasoning 
applies to (y,)~! = y_a, hence Yq is a one-to-one conformal map of the 
disc to the disc. 

The biholomorphic self-mappings of D can now be completely character- 
ized. 


6.2.3. Self-Maps of the Disc 


Let f : D— D bea holomorphic function. Then f is a conformal self- 
map of D if and only if there are complex numbers a, w with |w| = 1, |a| <1 
such that 

f(z) =w-Qa(z) VzE D. (6.2.3.1) 


In other words, any conformal self-map of the unit disc to itself is the 
composition of a Mobius transformation with a rotation. 
It can also be shown that any conformal self-map f of the unit disc can 
be written in the form 
f(z) = poln- 2), 


for some Mobius transformation y, and some complex number 7 with |n| = 
1. 


eee 


6.3. Linear Fractional Transformations 
6.3.1 Linear Fractional Mappings 


The automorphisms (that is, conformal self-mappings) of the unit disc 
D are special cases of functions of the form 


az+b 


a td 


, a,b,c,d €C. (6.3.1.1) 
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It is worthwhile to consider functions of this form in generality. One restric- 
tion on this generality needs to be imposed, however; if ad — bc = 0, then 
the numerator is a constant multiple of the denominator provided that the 
denominator is not identically zero. So if ad — bc = 0, then the function 
is either constant or has zero denominator and is nowhere defined. Thus 
only the case ad — bc £ 0 is worth considering in detail. 

A function of the form 


az+6 
cg 
cez+d 


, ad—be £0, (6.3.1.2) 


is called a linear fractional transformation. 
Note that (az + b)/(cz + d) is not necessarily defined for all z € C. 
Specifically, if c 4 0, then it is undefined at z = —d/c. In case c £0, 


az+b 
cz+d 


im | = +00. (6.3.1.3) 
z—+—d/c 
This observation suggests that one might well, for linguistic convenience, 
adjoin formally a “point at oo” to C and consider the value of (az+b)/(cz+ 
d) to be co when z = —d/c(c # 0). Thus we will think of both the domain 
and the range of our linear fractional transformation to be C U {oo} (we 
sometimes also use the notation C instead of C U {oo}). Specifically, we 
are led to the following alternative method for describing a linear fractional 
transformation. 

A function f : CU {00} — CU {oo} is a linear fractional transformation 
if there exists a,b,c,d € C,ad — bc £0, such that either 


(6.3.1.4) c=0,d #0, f(co) = ov, and f(z) = (a/d)z+(b/d) for all z € C; 


or 


(6.3.1.5) c #0, f(oo) = a/c, f(—d/c) = 00, and f(z) = (az + b)/(cz + d) 
for all z € C,z # —d/c. 


It is important to realize that, as before, the status of the point oo is 
entirely formal: we are just using it as a linguistic convenience, to keep 
track of the behavior of f(z) both where it is not defined as a map on C 
and to keep track of its behavior when |z| — +oo. The justification for the 
particular devices used is the fact that 


(6.3.1.6) limyz)+400 f(z) = f(0o) [e = 0; case (6.3.1.4) of the defini- 
tion] 


(691) lined lf(z)| = +00 [c # 0; case (6.3.1.5) of the defini- 
tion}. 
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6.3.2 The Topology of the Extended Plane 


The limit properties of f that we described in §§6.3.1 can be considered as 
continuity properties of f from CU {oo} to CU {oo} using the definition of 
continuity that comes from the topology on CU {oo}. It is easy to formulate 
that topology in terms of open sets. But it is also convenient to formulate 
that same topological structure in terms of convergence of sequences: 

A sequence {p;} in C U {oo} converges to pp € CU {oo} (notation 
lim;—.o0 Pj = po) if either 


(6.3.2.1) po = 00 and lim;_,+.. |p;| = +00 where the limit is taken for all 
i such that p; € C; 


or 


(6.3.2.2) po € C, all but a finite number of the p; are in C and lim;_.4. pj = 
po in the usual sense of convergence in C. 


6.3.3 The Riemann Sphere 


Stereographic projection puts C=Cu {co} into one-to-one correspon- 
dence with the two-dimensional sphere S$ in R°®,S = {(z,y,z) € R® : 
a? + y* + z* = 1} in such a way that topology is preserved in both di- 
rections of the correspondence. 

In detail, begin by imagining the unit sphere bisected by the complex 
plane with the center of the sphere (0, 0,0) coinciding with the origin in the 
plane—see Figure 6.1. We define the stereographic projection as follows: 
If P = (x,y) € C, then connect P to the “north pole” N of the sphere 
with a line segment. The point 7(P) of intersection of this segment with 
the sphere is called the stereographic projection of P. Note that, under 
stereographic projection, the “point at infinity” in the plane corresponds 
to the north pole N of the sphere. For this reason, C U {oo} is often 
thought of as “being” a sphere, and is then called, for historical reasons, 
the Riemann sphere. 

The construction we have just described is another way to think about 
the “extended complex plane” —see §§6.3.2. In these terms, linear fractional 
transformations become homeomorphisms of CU {oo} to itself. (Recall that 
a homeomorphism is, by definition, a one-to-one, onto, continuous mapping 
with a continuous inverse.) 


If f : CU {oo} — CU {oo} is a linear fractional transforma- 
tion, then f is a one-to-one, onto, continuous function. Also, 
f7+: CU {oo} — CU {oo} is a linear fractional transformation, 
and is thus a one-to-one, onto, continuous function. 
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N The x-y plane 


FIGURE 6.1 


Stereographic projection. 


If g: CU {co} — CU {oo} is also a linear fractional trans- 
formation, then f og is a linear fractional transformation. 


The simplicity of language obtained by adjoining co to C (so that the 
composition and inverse properties of linear fractional transformations ob- 
viously hold) is well worth the trouble. Certainly one does not wish to 
consider the multiplicity of special possibilities when composing (Az + 
B)/(Cz + D) with (az + b)/(cz + d) (namely c = 0,c 4 0,aC + cD # 
0,aC + cD = 0, etc.) that arise every time composition is considered. 


In fact, it is worth summarizing what we have learned in a theorem (see 
§§6.3.4). First note that it makes sense now to talk about a homeomorphism 
from C U {oo} to C U {oo} being conformal: this just means that it (and 
hence its inverse) are holomorphic in our extended sense. If y is a conformal 
map of C U {oo} to itself, then, after composing with a linear fractional 
transformation, we may suppose that y maps oo to itself. Thus y, after 
composition with a linear fraction transformation, is linear. It follows that 
y itself is linear fractional. The following result summarizes the situation: 


6.3.4 Conformal Self-Maps of the Riemann Sphere 


A function y is a conformal self-mapping of C=Cu {oo} to 
itself if and only if y is linear fractional. 


We turn now to the actual utility of linear fractional transformations 
(beyond their having been the form of automorphisms of D—see §§6.2.1- 
6.2.3—and the form of all conformal self maps of C U {oo} to itself in the 
present section). One of the most frequently occurring uses is the following: 
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6.3.5 The Cayley Transform 


The Cayley Transform The linear fractional transformation z ~ (i — 
z)/(i +z) maps the upper half plane {z : Imz > 0} conformally onto the 
unit disc D = {z: |z| < 1}. 


6.3.6 Generalized Circles and Lines 


Calculations of the type that we have been discussing are straightforward 
but tedious. It is thus worthwhile to seek a simpler way to understand what 
the image under a linear fractional transformation of a given region is. For 
regions bounded by line segments and arcs of circles the following result 
gives a method for addressing this issue: 

Let C be the set of subsets of C U {00} consisting of (i) circles and (ii) 
sets of the form LU {co} where L is a line in C. We call the elements of C 
“generalized circles.” Then every linear fractional transformation y takes 
elements of C to elements of C. One verifies this last assertion by noting 
that any linear fractional transformation is the composition of dilations, 
translations, and the inversion map z +> 1/z; and each of these component 
maps Clearly sends generalized circles to generalized circles. 


6.3.7 The Cayley Transform Revisited 


To illustrate the utility of this last result, we return to the Cayley trans- 
formation . 
1—2z 
itz 
Under this mapping the point oo is sent to —1, the point 1 is sent to 
(i—1)/(i+1) =i, and the point —1 is sent to (¢ — (—1))/(¢+ (-1)) = —i. 
Thus the image under the Cayley transform (a linear fractional transfor- 
mation) of three points on RU {oo} contains three points on the unit circle. 
Since three points determine a (generalized) circle, and since linear frac- 
tional transformations send generalized circles to generalized circles, we 
may conclude that the Cayley transform sends the real line to the unit 
circle. Now the Cayley transform is one-to-one and onto from C U {oo} to 
CU {oo}. By continuity, it either sends the upper half plane to the (open) 
unit disc or to the complement of the closed unit disc. The image of 2 is 0, 
so in fact the Cayley transform sends the upper half plane to the unit disc. 


(6.3.7.1) 


Zk 


6.3.8 Summary Chart of Linear Fractional 
Transformations 


The next chart summarizes the properties of some important linear frac- 
tional transformations. Note that U = {z € C: Imz > 0} is the upper 
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half-plane and D = {z € C: |z| < 1} is the unit disc; the domain variable 
is z and the range variable is w. 


Linear Fractional Transformations 


L(z) =S-'o0T 


T(z) — £741 , 22-23 
Z— 23 227-21 
S(m) = ows ° waowi 


a 


6.4 The Riemann Mapping Theorem 
6.4.1 The Concept of Homeomorphism 


Two open sets U and V in C are homeomorphic if there is a one-to-one, 
onto, continuous function f : U — V with f~! : V > U also continuous. 
Such a function f is called a homeomorphism from U to V (see also §§6.3.3). 


6.4.2 The Riemann Mapping Theorem 


The Riemann mapping theorem, sometimes called the greatest theorem 
of the nineteenth century, asserts in effect that any planar domain that 
has the topology of the unit disc also has the conformal structure of the 
unit disc. Even though this theorem has been subsumed by the great uni- 
formization theorem of Kébe (see [FAK]), it is still striking in its elegance 
and simplicity: 


If U is an open subset of C,U #4 C, and if U is homeomorphic 
to D, then U is conformally equivalent to D. That is, there is a 
holomorphic mapping = : U — D which is one-to-one and onto. 
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6.4.3 The Riemann Mapping Theorem: Second 
Formulation 


An alternative formulation of this theorem uses the concept of “simply 
connected” (see also §§2.3.3.). We say that a connected open set U in 
the complex plane is simply connected if any closed curve in U can be 
continuously deformed to a point. (This is just a precise way of saying 
that U has no holes. Yet another formulation of the notion is that the 
complement of U has only one connected component.) See §§10.3.2 for a 
detailed treatment of homotopy (which is the rigorous notion of “continuous 
deformation” ). 


Theorem: If U is an open subset of C,U # C, and if U is 
simply connected, then U is conformally equivalent to D. 


eee 


6.5 Conformal Mappings of Annuli 
6.5.1 A Riemann Mapping Theorem for Annuli 


The Riemann mapping theorem tells us that, from the point of view of 
complex analysis, there are only two simply connected planar domains: the 
disc and the plane. Any other simply connected region is biholomorphic to 
one of these. It is natural then to ask about domains with holes. Take, for 
example, a domain U with precisely one hole. Is it conformally equivalent 
to an annulus? 

Note that if c > 0 is a constant, then for any R,; < Ro the annuli 


A; = {z: R, < |z|< Ro} and Ap = {z:cR; < |z|<cRo} (6.5.1.1) 


are biholomorphically equivalent under the mapping z +> cz. The surprising 
fact that we shall learn is that these are the only circumstances under which 
two annuli are equivalent: 


6.5.2 Conformal Equivalence of Annuli 


Let 
Ay ={zEC:1< |z|< R,} (6.5.2.1) 


and 
Ag = {2 €C:1< |z| < Ro}. (6.5.2.2) 


Then A, is conformally equivalent to A» if and only if R; = Re. 
A perhaps more striking result, and more difficult to prove, is this: 
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Let U CC be any bounded domain with one hole—this means 
that the complement of U has two connected components, one 
bounded and one not. Then U is conformally equivalent to 
some annulus. 


See [AHL] for a discursive discussion of this result. 


6.5.3 Classification of Planar Domains 


The classification of planar domains up to biholomorphic equivalence is 
a part of the theory of Riemann surfaces (see §10.4). For now, we comment 
that one of the startling classification theorems (a generalization of the Rie- 
mann mapping theorem) is that any bounded planar domain with finitely 
many “holes” is conformally equivalent to the unit disc with finitely many 
closed circular arcs, coming from circles centered at the origin, removed. 
(Here a “hole” in the present context means a bounded, connected com- 
ponent of the complement of the domain in C, a concept which coincides 
with the intuitive idea of a hole.) An alternative equivalent statement is 
that any bounded planar domain with finitely many holes is conformally 
equivalent to the plane with finitely many vertical slits (see [AHL]). The 
analogous result for domains with infinitely many holes is known to be true 
when the number of holes is countable. 


Chapter 7 


Harmonic Functions 


ae 


7.1 Basic Properties of Harmonic Functions 
7.1.1 The Laplace Equation 


Let F' be a holomorphic function on an open set U C C. Write F = u+iv, 
where u and v are real-valued. The real part wu satisfies a certain partial 
differential equation known as Laplace’s equation: 


2 2 
& a 73) u=0. (7.1.1.1) 


(Of course the imaginary part v satisfies the same equation.) In this chapter 
we shall study systematically those C? functions that satisfy this equation. 
They are called harmonic functions. (Note that we encountered some of 
these ideas already in §1.4.) 


7.1.2 Definition of Harmonic Function 


Recall the precise definition of harmonic function: 
A real-valued function u: U — R on an open set U C C is harmonic if 
it is C* on U and 


Au = 0, (7.1.2.1) 
where the Laplacian Au is defined by 
om oh 


7.1.3. Real- and Complex-Valued Harmonic Functions 


The definition of harmonic function just given applies as well to complex- 
valued functions. A complex-valued function is harmonic if and only if its 
real and imaginary parts are each harmonic. 


S. G. Krantz, Handbook of Complex Variables 89 
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The first thing that we need to check is that real-valued harmonic func- 
tions are just those functions that arise as the real parts of holomorphic 
functions—at least locally. 


7.1.4 Harmonic Functions as the Real Parts of 
Holomorphic Functions 


If u: D(P,r) — R is a harmonic function on a disc D(P,r), then there 
is a holomorphic function F : D(P,r) — C such that Re F = u on D(P,r). 

Note that v is uniquely determined by u except for an additive constant: 
the Cauchy-Riemann equations determine the partial derivatives of v and 
hence determine v up to an additive constant. One can also think of the 
determination, up to a constant, of v by u in another way: If v is another 
function such that u + iv is holomorphic, then H = i(v — v) = (u+ iv) — 
(u+iv) is a holomorphic function with zero real part; hence its image is not 
open. Thus H must be a constant, and v and v differ by a constant. Any 
(harmonic) function v such that u+ iv is holomorphic is called a harmonic 
conjugate of u (again see §§1.4.2). 


Theorem: If U is a simply connected open set (see §§6.4.3) 
and if u: U — R is a harmonic function, then there is a C2 
(indeed a C) harmonic function v such that u+iuv:U > C 
is holomorphic. 


Another important relationship between harmonic and holomorphic func- 
tions is this: 


If u: U — R is harmonic and if H : V — U is holomorphic, 
then uo H is harmonic on V. 


7.1.5 Smoothness of Harmonic Functions 


If u: U — R is a harmonic function on an open set U C C, then u € C™. 
In fact a harmonic function is always real analytic (has a local power series 
expansion in powers of x and y). This follows, for instance, because a 
harmonic function is locally the real part of a holomorphic function (see 
§81.4.2, §87.1.4). 
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eee 


7.2 The Maximum Principle and the Mean Value 
Property | 


7.2.1. The Maximum Principle for Harmonic Functions 


If u : U — R is harmonic on a connected open set U and if there is 
a point Po € U with the property that u(Po) = maxzey u(z), then u is 
constant on U. Compare the maximum modulus principle for holomorphic 
functions in §§5.4.1. 


7.2.2 The Minimum Principle for Harmonic Functions 


If uw: U — R is a harmonic function on a connected open 
set U C C and if there is a point Py € U such that u(Po) = 
mingey u(Q), then u is constant on U. Compare the minimum 
principle for holomorphic functions in §85.4.3. 


The reader may note that the minimum principle for holomorphic func- 
tions requires an extra hypothesis (i.e., non-vanishing of the function) while 
that for harmonic functions does not. The difference may be explained by 
noting that with harmonic functions we are considering the real-valued 
function u, while with holomorphic functions we must restrict attention to 
the modulus function | f|. 


7.2.3. The Boundary Maximum and Minimum Principles 


An important and intuitively appealing consequence of the maximum 
principle is the following result (which is sometimes called the “boundary 
maximum principle”). Recall that a continuous function on a compact set 
assumes a maximum value. When the function is harmonic, the maximum 
occurs at the boundary in the following precise sense: 


Let U C C be a bounded domain. Let u be a continuous, real- 
valued function on the closure U of U that is harmonic on U. 
Then 


max u = max u. (7.2.3.1) 
U aU 


The analogous result for the minimum is: 


Let UCC be a domain and let wu be a continuous function on 
the closure U of U that is harmonic on U. Then 


min u = min w. (7.2.3.2) 
u aU 


Compare the analogous results for holomorphic functions in §§5.4.2, 5.4.3. 
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7.2.4 The Mean Value Property 


Suppose that u: U — R is a harmonic function on an open set U C C 
and that D(P,r) C U for some r > 0. Then 


20 
u(P) = = | u(P + re’) dé. (7.2.4.1) 


We will see in §§7.4.1 that the mean value property characterizes harmonic 
functions. 

We conclude this subsection with two alternative formulations of the 
mean value property (MVP). In both, u, U, P,r are as above. 


First Alternative Formulation of MVP 


u(P) = = // u(x, y) dxdy. 


D(P,r) 


Second Alternative Formulation of MVP 


1 
WP) = Ann MO) 4000) 


where do is arc-length measure on 0D(P,r). 


7.2.5 Boundary Uniqueness for Harmonic Functions 


If u; : D(0,1) > R and uz : D(0,1) > R are two continuous functions, 
each of which is harmonic on D(0,1) and if uj = ug on OD(0,1) = {z: 
|z| = 1}, then w, = ug. This assertion follows from the boundary maximum 
principle (§§7.2.3.1) applied to uj —u2. Thus, in effect, a harmonic function 
u on D(0,1) that extends continuously to D(0, 1) is completely determined 
by its values on D(0,1) \ D(0,1) = OD(0,1). 


UMMM 


7.3 The Poisson Integral Formula 
7.3.1 The Poisson Integral 


The next result shows how to calculate a harmonic function on the disc 
from its “boundary values,” i.e., its values on the circle that bounds the 
disc. 
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Let u: U — R be a harmonic function on a neighborhood of D(0, 1). 
Then, for any point a € D(0,1), 


1 27 ; 1 —la 2 
u(a) = =f u(e”) - rere dap. (7.3.1.1) 


7.3.2 The Poisson Kernel 


The expression 
1 1—|al? 
2n ja — et? |? 
is called the Poisson kernel for the unit disc. It is often convenient to 


rewrite the formula we have just enunciated by setting a = |ale*® = re”. 
Then the result says that 


(7.3.2.1) 


u(re’’) = a [ u(e) 12 dw (7.3.2.2) 
OC) OF 0 1—2rcos(@-—w)+r2 7" ee 
In other words ; 
u(re’?) = / u(e”’) P.(@ — w) dy, (7.3.2.3) 
0 
where ; 
1— 
P.(9 —) = — ——___"-_ ___— (7.3.2.4) 


~ In 1 — 2rcos(6 — ) +r?’ 


7.3.3 The Dirichlet Problem 


The Poisson integral formula both reproduces and creates harmonic func- 
tions. But, in contrast to the holomorphic case (§2.4), there is a simple 
connection between a continuous function f on 0D(0,1) and the created 
harmonic function u on D. The following theorem states this connection 
precisely. The theorem is usually called “the solution of the Dirichlet prob- 
lem on the disc”: 


7.3.4 The Solution of the Dirichlet Problem on the Disc 
Let f be a continuous function on 0D(0, 1). Define 


1p piety. La? ay if 2 € D(0,1) 
u(z) _ on 0 |z — er? |2 (7.3.4.1) 
f(z) if z € OD(0,1). 


Then wu is continuous on D(0,1) and harmonic on D(0, 1). 
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Closely related to this result is the reproducing property of the Poisson 
kernel: 
Let u be harmonic on a neighborhood of D(0,1). Then, for z € D(0, 1), 


— 7 

u(zZ) all u(e’”) zee dy). 

See (7.3.1.1). 

7.3.5 The Dirichlet Problem on a General Disc 


A change of variables shows that the results of §§7.3.4 remain true on a 
general disc. To wit, let f be a continuous function on 0D(P,r). Define 


1 iw R-|z—Pi? | 
u(z) = 4 2a Jo fle ) opr Rewp if z € D(0,1) 
F() if 2 € OD(0,1). 


(7.3.5.1) 
Then u is continuous on D(0,1) and harmonic on D(0, 1). 
If instead u is harmonic on a neighborhood of D(P,R), then, for z € 
D(P, R), 


an 4 R? —|z—- P 2 


eee 


7.4 Regularity of Harmonic Functions 
7.4.1 The Mean Value Property on Circles 


A continuous function h : U — R on an open set U C C has the ep- 
mean value property if, for each point P € U, there is an ep > 0 such that 


D(P, ep) C U and, for every 0 < € < ep, 


1 21 


A(P) = 5 h(P + ee) dé. (7.4.1.1) 


The €p-mean value property allows the size of €p to vary arbitrarily with 


P. 


If h: U — R is a continuous function on an open set U with 
the €p-mean value property, then h is harmonic. 
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7.4.2 The Limit of a Sequence of Harmonic Functions 


If {h;} is a sequence of real-valued harmonic functions that converges 
uniformly on compact subsets of U to a function h : U — R, then h is 
harmonic on U. 


OO eee 


7.5 The Schwarz Reflection Principle 
7.5.1 Reflection of Harmonic Functions 


We present in this section an application of what we have learned so far to 
a question of extension of a harmonic function to a larger domain. This will 
already illustrate the importance and power of harmonic function theory 
and will provide us with a striking result about holomorphic functions as 
well. 


7.5.2 Schwarz Reflection Principle for Harmonic Functions 


Let V be a connected open set in C. Suppose that 
V 7 (real axis) = {7 € R: a < zz < 5}. 


Set U = {z € V : Imz > 0}. Assume that v : U — R is 
harmonic and that, for each ¢ € VM (real axis), 


i =0. 7.5.2.1 
ylim .v(2) ( ) 


Set U = {z: z € U}. Define 


v(iz) ifzeU 
B(z) = ¢ 0 if z € VN (real axis) (7.5.2.2) 
—v(Z) if z EU. 


Then @ is harmonic on U* =UUUU {tz €R:a<2 < 5}. 


This result provides a way of extending a harmonic function from a 
given open set to a larger open set. The method is known as the Schwarz 
Reflection Principle. One can think of U as the reflection of U in the real 
axis, and the definition of 0 on U as the correspondingly appropriate idea 
of reflecting the function v. See Figure 7.1. 
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FIGURE 7.1 
Schwarz reflection. 


7.5.3 The Schwarz Reflection Principle for Holomorphic 
Functions 


Let V be a connected open set in C such that VN (the real axis) = 
{x €R:a<2< b} for somea,b€ R. Set U = {ze V:Imz> 
0}. Suppose that F': U — C is holomorphic and that 


lim Im F(z) = 0 (7.5.3.1) 
for each € € VN (real axis). Define U = {zEC:z7e€ U}. Then 
there is a holomorphic function Gon UUUU{z € R: a <a < 5} 
such that G | y = F. In fact y(¢) = limy3z—¢ Re F(z) exists for 
each ¢ € VN (real axis) and 


F(z) ifzEeU 
G(z) = ¢ (z) +00 ifzeVN (real axis) (7.5.3.2) 
F(Z) ifzeU. 


7.5.4 More General Versions of the Schwarz Reflection 
Principle 


We take this opportunity to note that Schwarz reflection is not simply a 
fact about reflection in lines. Since lines are conformally equivalent (by way 
of linear fractional transformations) to circles, it is also possible to perform 
Schwarz reflection in a circle (with suitably modified hypotheses). More is 
true: in fact one can conformally map a neighborhood of any real analytic 
curve to a line segment; so, with some extra effort, Schwarz reflection may 
be performed in any real analytic arc. 
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7.6 Harnack’s Principle 
7.6.1 The Harnack Inequality 
Let u be a non-negative, harmonic function on D(0, R). Then, 


for any z € D(0, R), 


R— |z| R + |z| 


Rela WOO Sue) S Ro 


u(0). (7.6.1.1) 
More generally: 


Let u be a non-negative, harmonic function on D(P, R). Then, 
for any z € D(P, R), 


R—|z—P|_ 
R+|z—-P| 


u(P) < u(z) < iF -u(P). (7.6.1.2) 


7.6.2  Harnack’s Principle 


Let uy < ug <... be harmonic functions on a connected open 
set U C C. Then either u; — oo uniformly on compact sets or 
there is a (finite-valued) harmonic function u on U such that 
u; — u uniformly on compact sets. 


WRU 


7.7 The Dirichlet Problem and Subharmonic 
Functions 


7.7.1 The Dirichlet Problem 


Let U C C be an open set, U £4 C. Let f be a given continuous function 
on OU. Does there exist a continuous function u on U such that u| ou = St 
and u is harmonic on U? If u exists, is it unique? These two questions 
taken together are called the Dirichlet problem for the domain U. [Note that 
we have already solved the Dirichlet problem when U is the unit disc—see 
§§7.3.1, §§7.3.4.] It has many motivations from physics (see [COH], [LOG]). 
For instance, suppose that a flat, thin film of heat-conducting material is 
in thermal equilibrium. That is, the temperature at each point of the film 
is constant with passing time (§§14.2.2). Then its temperature at various 
points is a harmonic function (see [KRA4]). Physical intuition suggests 
that if the boundary OU of the film has a given temperature distribution f : 
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OU — R, then the temperatures at interior points are uniquely determined. 
Historically, physicists have found this intuition strongly compelling. 

From the viewpoint of mathematical proof, as opposed to physical in- 
tuition, the situation is more complicated. The result of §§7.3.4 asserts in 
effect that the Dirichlet problem on the unit disc always has a solution. 
And, on any bounded domain U, it has only one solution corresponding 
to any given boundary function f, because of the (boundary) maximum 
principle: If uw; and ug are both solutions, then wu; — ug is harmonic and is 
zero on the boundary, so that wu; — ug = 0, hence wu; = ug. While this rea- 
soning demonstrates that the Dirichlet problem on a bounded open set U 
can have at most one solution, it is also the case that on more complicated 
domains the Dirichlet problem may not have any solution. 


7.7.2 Conditions for Solving the Dirichlet Problem 


The Dirichlet problem is not always solvable on the domain U = D(0, 1)\ 
{0}; in fact the data f(z) = 1 when |z| = 1 and f(z) =0 when z = 0 have 
no solution—see [GK, p. 229]. Thus some conditions on OU are necessary in 
order that the Dirichlet problem be solvable for U. It will turn out that if OU 
consists of “smooth” curves, then the Dirichlet problem is always solvable. 
The best possible general result is that if each connected component of the 
boundary of U contains more than one point, then the Dirichlet problem 
can always be solved. Later, we shall enunciate a classical condition for 
solvability of the Dirichlet formulated in the language of barriers. 


7.7.38. Motivation for Subharmonic Functions 


We first consider the concept of subharmonicity. This is a complex- 
analytic analogue of the notion of convexity that we motivate by considering 
convexity on the real line. For the moment, fix attention on functions 
F:R-R. 

On the real line, the analogue of the Laplacian is the operator d?/dzx?. 
The analogue of real-valued harmonic functions (that is, the functions u 
with Au = 0) are therefore the functions h(x) such that [d?/dz?|[h(x)| = 0; 
these are the linear ones. Let S be the set of continuous functions f : R- R 
such that whenever I = [a,b] C R and h is a real-valued harmonic function 
on R with f(a) < h(a) and f(b) < h(b), then f(x) < h(x) for all x € J. (Put 
simply, if a harmonic function h is at least as large as f at the endpoints of 
an interval, then it is at least as large as f on the entire interval.) Which 
functions are in S? The answer is the collection of all convex functions 
(in the usual sense). Refer to Figure 7.2. [Recall here that a function 
f : [a,b] — R is said to be convex if, whenever c,d € [a,b] and O < A<1 
then f((1 — A)c + Ad) < (1 — A)f(c) + Af(d).| These considerations give 
us a geometric way to think about convex functions (without resorting to 
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(a, f(a)) (b, f(b) 


q 


FIGURE 7.2 
A convex function. 


differentiation). See [HOR] for more on this view of subharmonic functions. 


7.7.4 Definition of Subharmonic Function 


Our definition of subharmonic function on a domain in C (or R?) is 
motivated by the discussion of convexity in the preceding subsection. 


Let U C C be an open set and f a real-valued, continuous 
function on U. Suppose that for each D(P,r) C U and every 
real-valued harmonic function h defined on a neighborhood of 
D(P,r) which satisfies f < h on OD(P,r), it holds that f <h 
on D(P,r). Then f is said to be subharmonic on U. 


7.7.5 Other Characterizations of Subharmonic 
Functions 


A function f : U > R that is C? is subharmonic if and only if Af > 0 
everywhere. This is analogous to the fact that a C? function on (an open 
set in) R is convex if and only if it has non-negative second derivative 
everywhere. The next result will allow us to identify many subharmonic 
functions which are only continuous, not C?, so that the Af > 0 criterion 
is not applicable. 

Let f :U —R be continuous. Suppose that, for each D(P,r) C U, 

1 20 
f(P)< > f(P + re’?)d6 (7.7.5.1) 
0 


(this is called the sub-mean value property). Then f is subharmonic. 
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__ Conversely, if f : U — R is a continuous, subharmonic function and if 
D(P,r) CU, then the inequality (7.7.5.1) holds. 


7.7.66 The Maximum Principle 


A consequence of the sub-mean value property (7.7.5.1) is the maximum 
principle for subharmonic functions: 


If f is subharmonic on U and if there is a P € U such that 
f(P) => f(z) for all z € U, then f is constant. 


It may be noted that if f is holomorphic then |f| is subharmonic; this 
explains why a holomorphic function satisfies the maximum principle. 


7.7.7 Lack of A Minimum Principle 


We note in passing that there is no “minimum principle” for subharmonic 
functions. Subharmonicity is a “one-sided” property. 


7.7.8 Basic Properties of Subharmonic Functions 


Here are some properties of subharmonic functions that are worth noting. 
The third of these explains why subharmonic functions are a much more 
flexible tool than holomorphic or even harmonic functions. 


1. If f1, fe are subharmonic functions on U, then so is fi + fo. 


2. If f; is subharmonic on U and a > 0 is a constant, then af; is 
subharmonic on U. 


3. If f:, fo are subharmonic on U then g(z) = max{ f(z), fo(z)} is also 
subharmonic on U. 


7.7.9 The Concept of a Barrier 


The next notion that we need to introduce is that of a barrier. Namely, 
we want to put a geometric-analytic condition on the boundary of a domain 
that will rule out examples like the punctured disc in §§7.7.2 (in which the 
Dirichlet problem could not be solved). The definition of a barrier at a 
point P € QU is a bit technical, but the existence of a barrier will turn out 
to be exactly the hypothesis needed for the construction of the solution of 
the Dirichlet problem. 


Let U C C be an open set and P € QU. We call a function 
b: U > Ra barrier for U at P if 
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FIGURE 7.8 
Smooth boundary means a barrier at each point of the boundary. 


(7.7.9.1) b is continuous; 

(7.7.9.2) b is subharmonic on U; 
(7.7.9.3) b|,,, <0; 

(7.7.9.4) {z € OU : b(z) = 0} = {P}. 


Thus the barrier b singles out P in a special function-theoretic fashion. 
If U is bounded by a C! smooth curve (no corners present), then every 
point of OU has a barrier. See Figure 7.3. 


eee 


7.8 The General Solution of the Dirichlet Problem 
7.8.1 Enunciation of the Solution of the Dirichlet Problem 


Let U be a bounded, connected open subset of C such that U has a 
barrier bp for each P € OU. Then the Dirichlet problem can always be 
solved on U. That is, if f is a continuous function on OU, then there is 
a function u continuous on U, harmonic on U, such that ul ay = J. The 
function u is uniquely determined by these conditions. 

The result in the preceding paragraph is the standard textbook result 
about regularity for the Dirichlet problem. More advanced techniques es- 
tablish that if each connected component of OU has at least two points 
then the Dirichlet problem is solvable on U. 
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Infinite Series and Products 


(barr 


8.1 Basic Concepts Concerning Infinite Sums and 
Products 


8.1.1 Uniform Convergence of a Sequence 


Let U C C be an open set and g; : U — C functions. Recall (§3.1.5) that 
the sequence {g;} is said to converge uniformly on compact subsets of U 
to a function g if the following condition holds: For each compact kK C U 
(see §83.1.5) and each e€ > 0 there is an N > 0 such that if 7 > N, then 
l9(z) — 9;(z)| < € for all z € K. It should be noted that, in general, the 
choice of N depends on € and on K, but not on the particular point z € K. 


8.1.2 The Cauchy Condition for a Sequence of Functions 


Because of the completeness (see [RUD1], [KRA2]) of the complex num- 
bers, a sequence is uniformly convergent on compact sets if and only if it 
is (what is called) uniformly Cauchy on compact sets. Here a sequence of 
functions is said to be uniformly Cauchy on compact sets if, for each K 
compact in U and each e > 0, there is an N > 0 such that: for all j,k > N 
and all z € K we have |g;(z) — 9x (z)| < «. The Cauchy condition is useful 
because it does not make explicit reference to the limit function g. One 
can thereby verify uniform convergence to some limit without previously 
determining the limit function explicitly. 


8.1.3 Normal Convergence of a Sequence 


For the purposes of complex analysis, the basic fact about uniform con- 
vergence on compact sets is our result which states that if {g;} are holomor- 
phic functions on U and if the g; converge uniformly on compact subsets of 
U to a function g, then g is holomorphic (§§3.1.5). In these circumstances 
we will say that {g;} converges normally to g. 


». G. Krantz, Handbook of Complex Variables 
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8.1.4 Normal Convergence of a Series 


If fi, fo,... are functions on U, then we may study the convergence 
properties of 


SS fi- (8.1.4.1) 
j=l 


The series converges normally if its sequence of partial sums 
N 
Su(z)=Sofi(2), N=1,2,... (8.1.4.2) 
j=l 
converges normally in U. The function 
© .@) 
f(z) = >> fiz) (8.1.4.3) 


will then be holomorphic because it is the normal limit of the partial sums 
Sn (each of which is holomorphic). 


8.1.5 The Cauchy Condition for a Series 


There is a Cauchy condition for normal convergence of a series: the series 
© .@) 

> fi (2) (8.1.5.1) 
j=l 


is said to be uniformly Cauchy on compact sets if, for each compact K C U 
and each e€ > 0, there is an N > 0 such that for all M > L > N it holds 
that 


»_ fil2)| <e (8.1.5.2) 


[Note that this is just a reformulation of the Cauchy condition for the 
sequence of partial sums Sy(z).| It is easy to see that a series that is 
uniformly Cauchy converges normally to its limit function. 


8.1.6 The Concept of an Infinite Product 


Now we turn to products. One of the principal activities in complex 
analysis is to construct holomorphic or meromorphic functions with certain 
prescribed behavior. For some problems of this type, it frequently turns 
out that infinite products are more useful than infinite sums. The reason is 
that, for instance, if we want to construct a function that will vanish on a 
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certain infinite set {a;}, then we could hope to find individual functions f; 
that vanish at a; and then multiply the f;’s together. This process requires 
that we make sense of the notion of “infinite product.” 


8.1.7 Infinite Products of Scalars 


We begin with infinite products of complex numbers, and then adapt 
the ideas to infinite products of functions. For reasons that will become 
apparent momentarily, it is convenient to write products in the form 


©. @) 


[[G+,), (8.1.7.1) 


j=l 


where a; € C. The symbol []| stands for multiplication. We want to define 
what it means for a product such as (8.1.7.1) to converge. 


8.1.8 Partial Products 


First define the partial products Py of (8.1.7.1) to be 


N 
Py = |] (1 + a3) = (1 +41) - (1 +.a2)-+- (1+ ay). (8.1.8.1) 
j=l 


We might be tempted to say that the infinite product 


10 @) 


[[G+4,) (8.1.8.2) 


j=l 


converges if the sequence of partial products {Py} converges. But, for 
technical reasons, a different definition is more useful. 


8.1.9 Convergence of an Infinite Product 


An infinite product 


OO 

[[@+4,) (8.1.9.1) 

j=l 
is said to converge if 
(8.1.8.2) Only a finite number a;,,...,a;, of the a;’s are equal to —1. 
(8.1.9.3) If No > 0 is so large that a; 4 —1 for j > No, then 

N 
lim | ]] @+4;) (8.1.9.3.1) 
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exists and is non-zero. 


8.1.10 The Value of an Infinite Product 


If [];-,(1 + @;) converges, then we define its value to be (with No as in 
(8.1.9.3)) 


No N 
Ila a [] @ +4;). (8.1.10.1) 
j=l No+1 


8.1.11 Products That Are Disallowed 


As the exposition develops, it will become clear why we wish to disallow 
products with 


lim |] (1+4;)=0. (8.1.11.1) 


8.1.12 Condition for Convergence of an Infinite Product 


If 


©. @) 
S- |aj| <0, (8.1.12.1) 
j=l 
then 
© @) 
[[@ + lel) (8.1.12.2) 
j=l 


converges. [See (8.1.12.6), (8.1.12.7) for part of the mathematical reason 
as to why these assertions are true.| 


If so 
[[@ + las) (8.1.12.3) 
j=l 
converges, then 
©, @) 
S- Ia; (8.1.12.4) 
j=l 
converges. 
Let a; € C. Set 
N _ N 
Py = [[Q+4,), wv = [] (+ a5). (8.1.12.5) 
j=l j=l 


Then 
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(8.1.12.6) Py < exp(ai| +--+ |ay]). 


(8.1.12.7) |Py —1| < Py —-1. 


If the infinite product 

CO 

[[G@ + las) (8.1.12.8) 

j=1 

converges, then so does 
[[G@ + 4;) (8.1.12.9) 
j=1 
If _ 
S| |aj| <0, (8.1.12.10) 
j=1 
then 
© @) 
][G@ +45) (8.1.12.11) 


converges. 
This last is our most useful convergence result for infinite products. It is 
so important that it is worth restating in a standard alternative form: If 


(o,@) 
S 5 [1 -a;| <0, (8.1.12.12) 
j=l 
then 
OO 
[[o (8.1.12.13) 
j=l 


converges. The proof is just a change of notation. 
8.1.13 Infinite Products of Holomorphic Functions 


We now apply these considerations to infinite products of holomorphic 


functions. 
Let U C C be open. Suppose that f; : U — C are holomorphic and that 
CO 
So Ifil (8.1.13.1) 
j=l 


converges uniformly on compact subsets of U. Then the sequence of partial 


products 
N 
Fy(z) = [ [0+ f,(2) (8.1.13.2) 


j=l 
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converges uniformly on compact subsets of U. In particular, the limit of 
these partial products defines a holomorphic function on U. 


8.1.14 Vanishing of an Infinite Product 


The function f defined on a domain U by the product 


f(z) = ][G4+4,(2) (8.1.14.1) 
j=l 
vanishes at a point z € U if and only if f;(z0) = —1 for some j. The 


multiplicity of the zero at zo is the sum of the multiplicities of the zeros of 
the functions 1+ f; at zo. 


8.1.15 Uniform Convergence of an Infinite Product 
of Functions 


Remark: For convenience, one says that the product [];°(1+ f;(z)) con- 


verges uniformly on a set E if 


(8.1.15.1) it converges for each z in E 


and 


(8.1.15.2) the sequence {Thy (1 + f;(z))} converges uniformly on E to 
Ty (1 + f(z). 


Then our main convergence result can be summarized as follows: 


8.1.16 Condition for the Uniform Convergence of an 
Infinite Product of Functions 


Theorem: If jel |f;| converges uniformly on compact sets, 


then the product [[;°(1 + f;(z)) converges uniformly on com- 
pact sets. 


It should be noted that the convergence conditions in §§8.1.9 are satisfied 
automatically in the situation of this last theorem. 
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8.2 The Weierstrass Factorization Theorem 
8.2.1 Prologue 


One of the most significant facts about a polynomial function p(z) of 
z € C is that it can be factored (see §§3.1.4): 


k 
p(z) =c- [[ — Q;). (8.2.1.1) 


j=l 


Among other things, such a factorization facilitates the study of the zeros 
of p. In this section we shall show that in fact any entire function can be 
factored in such a way that each multiplicative factor possesses precisely 
one zero (of first order). Since a function holomorphic on all of C (called an 
entire function) can have infinitely many zeros, the factorization must be 
an infinite product in at least some cases. We consider such a factorization 
in this section. 


8.2.2 Weierstrass Factors 


To obtain the Weierstrass factors, we define 


Eo(z) =1-—z (8.2.2.1) 
and for 1 < p€ Z we let 
2? zP 
Ey(z) = (1 — z) exp (< + > foeee4 =) , (8.2.2.2) 


Of course each E, is holomorphic on all of C. The factorization theory 
hinges on a technical calculation that says that, in some sense, E>» is close 
to 1 if |z| is small. This assertion is not surprising since 


2? zP 
(: +> tet =) (8.2.2.3) 
is the initial part of the power series of — log(1 — z). Thus 
22 zP 
(1 — z) exp (< + z eee =) (8.2.2.4) 


might be expected to be close to 1 for z small (and p large). 
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8.2.3. Convergence of the Weierstrass Product 


Let {a,}P2, be a sequence of non-zero complex numbers with no accu- 
mulation point in the complex plane (note, however, that the a,,’s need not 
be distinct). If {p,} are positive integers that satisfy 


3 (2) < 00 (8.2.3.1) 


n=1 


for every r > 0, then the infinite product 


II E,, (=) (8.2.3.2) 


(called a Weierstrass product) converges uniformly on compact subsets of 
C to an entire function F. The zeros of F are precisely the points {an}, 
counted with multiplicity. 


8.2.4 Existence of an Entire Function with Prescribed 
Zeros 


Let {a,}°2, be any sequence in the plane with no finite accumulation 
point. Then there exists an entire function f with zero set precisely equal to 
{ay }P2_, (counting multiplicities). The function f is given by a Weierstrass 
product. 


8.2.5 The Weierstrass Factorization Theorem 


Let f be an entire function. Suppose that f vanishes to order 
m at 0, m > 0. Let {a,} be the other zeros of f, listed with 
multiplicities. Then there is an entire function g such that 


f(2) = 2-9) IT En-1 (=) | (8.2.5.1) 
n=1 n 


8.3. The Theorems of Weierstrass and 
Mittag-LefHler 


8.3.1 The Concept of Weierstrass’s Theorem 


Let U cC C be adomain. The only necessary condition that we know for 
a set {a;} C U to be the zero set of a function f holomorphic on U is that 
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FIGURE 8.1 
A discrete set A inside U. 


{a;} have no accumulation point in U. It is remarkable that this condition 
is also sufficient: that is the content of Weierstrass’s theorem. 


8.3.2 Weierstrass’s Theorem 


Let U C C be any open set. Let a;,a2,... be a finite or infinite 
sequence in U (possibly with repetitions) that has no accumu- 
lation point in U. Then there exists a holomorphic function f 
on U whose zero set is precisely {a,;}. (The function f is con- 
structed by taking an infinite product.) 


We next want to formulate a result about maximal domains of existence 
(or domains of definition) of holomorphic functions. But first we need a 
geometric fact about open subsets of the plane. 


8.3.3 Construction of a Discrete Set 


Let U C C be any open set. Then there exists a countably infinite set 
A CU such that 


(8.3.3.1) A has no accumulation point in U. 
(8.3.3.2) Every P € OU is an accumulation point of A. 


See Figure 8.1. Details of this construction appear in [GK, p. 268]. 
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8.3.4 Domains of Existence for Holomorphic Functions 


Let U C C be any proper, connected, open subset. There is a 
function f holomorphic on U such that f cannot be analytically 
continued past any P € OU (see also §§89.2.2 on the concept of 
“regular boundary point” ). 


The verification of this last result is just to apply Weierstrass’s theorem 
to the discrete set described in §§8.3.3. This yields a non-constant holo- 
morphic function f on U whose zero set accumulates at every boundary 
point of U. If f were to analytically continue to any strictly larger open 
set U, then U would contain a point of OU, hence would have an interior 
accumulation point of the zeros of f. Thus f would be identically zero, 
and that would be a contradiction. 


8.3.5 The Field Generated by the Ring of Holomorphic 
Functions 


Another important corollary of Weierstrass’s theorem is that, for any 
open U, the field generated by the ring of holomorphic functions on U is 
the field of all meromorphic functions on U. In simpler language: 


Let U C C be open. Let m be meromorphic on U. Then there 
are holomorphic functions f,g on U such that 


m(z) = P(z)_ (8.3.5.1) 


8.3.6 The Mittag-Lefler Theorem 


Since it is possible to prescribe zeros of a holomorphic function on any 
open U, then of course we can (in principle) prescribe poles—since 1/f has 
poles exactly where f has zeros. But we can do better: with a little extra 
work we can prescribe the negative power portion of the Laurent series on 
any discrete subset of U. 

We now formulate the basic result on prescribing pole behavior, known 
as the Mittag-Leffler theorem, in two different (but equivalent) ways: one 
qualitative and the other quantitative. 


Mittag-Leffler Theorem: First Version 


Let U C C be any open set. Let a1, @2,... be a finite or count- 
ably infinite set of distinct elements of U with no accumulation 
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point in U. Suppose, for each j, that U; is a neighborhood of a;. 
Further assume, for each j, that m,; is a meromorphic function 
defined on U; with a pole at a; and no other poles. Then there 
exists a meromorphic m on U such that m—m, is holomorphic 
on U; for every 7. 


The Mittag-Lefler Theorem: Alternative Formulation 


Let U C C be any open set. Let a1, a2,... be a finite or count- 
ably infinite set of distinct elements of U, having no accumula- 
tion point in U. Let s; be a sequence of Laurent polynomials 
(or “principal parts”), 


1 
S- a} -(z—a,;) (8.3.6.1) 


t=—p(j) 


(see §§4.3.1). Then there is a meromorphic function on U whose 
principal part at each a; is s;. 


8.3.7 Prescribing Principal Parts 


The theorems of Weierstrass and Mittag-Leffler can be combined to allow 
specification of a finite part of the Laurent series at a discrete set of points: 


Let U C C be an open set and let a1,Q2,... be a finite or 
countably infinite set of distinct points of U having no interior 
accumulation point in U. For each j let there be given an 
expression 


N(j) 


t;(z) = > a} -(z—a,), (8.3.7.1) 


£=— M(3) 


with M(j), N(j) => 0. Then there is a meromorphic function m 
on U, holomorphic on U \ {a;}, such that: if -M(j) < @< 


N(j), then the £*" Laurent coefficient of m at a; is as. 


8.4 Normal Families 
8.4.1 Normal Convergence 


A sequence of functions f; on an open set U C C is said to converge 
normally to a limit function fy on U (see §88.1.3) if {f;} converges to fo 
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uniformly on compact subsets of U. That is, the convergence is normal if, 
for each compact set K C U and each e€ > 0, there is an N > 0 (depending 
on K and e) such that when j > N and z € K, then |f;(z) — fo(z)| < € 
(see §§8.1.3, 3.1.5). 

The functions f;(z) = 2? converge normally on the unit disc D to the 
function fo(z) = 0. The sequence does not converge uniformly on all of D 
to fo, but does converge uniformly on each compact subset of D. 


8.4.2 Normal Families 


Let F be a family of (holomorphic) functions with common domain U. 
We say that F is a normal family if every sequence in F has a subsequence 
that converges uniformly on compact subsets of U, i.e., converges normally 
on U. 

Let F be a family of functions on an open set U C C. We say that F is 
bounded if there is a constant N > 0 such that |f(z)| < N for all z € U and 
all f ¢ F. We say that F is bounded on compact sets if for each compact 
set K C U there is a constant M = Mx such that for all f € F and all 
z € K we have 

lf(z)| < M. (8.4.2.1) 


8.4.3. Montel’s Theorem, First Version 


Let F = {fa}aea be a bounded family of holomorphic functions 
on an open set U C C. Then there is a sequence {f;} C F 
such that f; converges normally on U to a limit (holomorphic) 
function fo. 


Thus a bounded family of holomorphic functions is normal. 


8.4.4 Montel’s Theorem, Second Version 


Montel’s Theorem, Second Version Let U C C be an open 
set and let F be a family of holomorphic functions on U that is 
bounded on compact sets. Then there is a sequence {f;} C F 
that converges normally on U to a limit (necessarily holomor- 
phic) function fo. 


Thus a family of holomorphic functions that is bounded on compact sets 
is normal. 


8.4.5 Examples of Normal Families 


(8.4.5.1) Consider the family F = {z7}5°, of holomorphic functions. If 
we take U to be any subset of the unit disc, then F is bounded (by 
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1) so Montel’s theorem (first version) guarantees that there is a sub- 
sequence that converges uniformly on compact subsets. Of course in 
this case it is plain by inspection that any subsequence will converge 
uniformly on compact sets to the identically zero function. 


The family F fails to be bounded on compact sets for any U that 
contains points of modulus greater than one. Thus neither version of 
Montel’s theorem would apply on such a U. And there is no convergent 
sequence in F for such a U. 


(8.4.5.2) Let F = {z/j}92, on C. Then there is no bound M such that 
\z/j| < M for all 7 and all z € C. But for each fixed compact 
subset K C C there is a constant Mx such that |z/j| < Mx for all 
j and all z € K. (For instance, Mx = max{|z| : z € K} would 
do.) Therefore the second version of Montel’s theorem applies. And 
indeed the sequence {z/7}92, converges normally to 0 on C. 
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Applications of Infinite Sums and 
Products 


9.1 Jensen’s Formula and an Introduction to Blaschke 
Products 


9.1.1 Blashke Factors 


First we need means for manipulating the zeros of a holomorphic function 
on the disc. What we want is an analogue for the disc of the factors (z — a) 
that are used when we study polynomials on C. The necessary device is 
what are called the Blaschke factors: 


If a € D(O,1), then we define the Blaschke factor 


2—-Qa 


B,(z) = (9.1.1.1) 


1—az 


Observe that we have seen these functions before in the guise of Mobius 
transformations (§§5.5.1, §§6.2.2). 

The function B, is holomorphic on a neighborhood of D(0,1). It has a 
simple zero at a and no others. It has a pole at 1/a. It also satisfies the 
property that |B,(z)| = 1 if z € OD. 

The result of §§9.1.2 derives from dividing out the zeros of f using 
Blaschke factors: 


9.1.2 Jensen’s Formula 


Let f be holomorphic on a neighborhood of D(0,r) and sup- 
pose that f(0) 40. Let a1,...,a, be the zeros of f in D(0,r), 
counted according to their multiplicities. Assume that f does 
not vanish on OD(0,r). Then 
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— “of f(re®)|d0 (9.1.2.1) 
aj | an Jy og |f (re ; 1.2. 


k 
log |f(0)| + }_ log 
jal 


9.1.3 Jensen’s Inequality 


Jensen’s Inequality Let f as in §§9.1.2. Observing that 
|r/a;| > 1 hence log |r/a;| > 0, we conclude that 


og F< [1 ?)| dO 9.1.3.1 
og |F(0)|<5- [| log|y(re')| a. (9.1.3.1) 


9.1.4 Zeros of a Bounded Holomorphic Function 


We now turn to what is a recurring theme in complex function theory: 
that the growth rate of a holomorphic (or meromorphic) function gives 
information on the distribution of its zeros. For the unit disc, the result 
will be a consequence of Jensen’s formula. 


If f is a non-constant bounded holomorphic function on D(0,1) and 


a ,@2,... are the zeros of f (counted according to their multiplicities), 
then 
CO 
we — |a;|) < o. (9.1.4.1) 
j=l 


It is remarkable that the converse of the preceding result holds (one 
might have expected that there would be additional restrictions that need 
to be imposed on the a;): 


9.1.5 The Blaschke Condition 


If {a;} C D(0,1) (with possible repetitions) satisfies 
Oo 
S (1 = |ayl) (9.1.5.1) 
j=1 


and no a; = 0, then there is a bounded holomorphic function on D(0, 1) 
which has zero set consisting precisely of the a;’s, counted according to 
their multiplicities. Specifically, the infinite product 


I asl? (9.1.5.2) 
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converges uniformly on compact subsets of D(0,1) to a bounded holomor- 
phic function B(z). The zeros of B are precisely the a;’s, counted according 
to their multiplicities. 


9.1.6 Blaschke Products 


Remark: A Blaschke product is an expression of the form 
“I a5) Be (9.1.6.1) 


where m is a non-negative integer. When }>(1 — |a,;|) < 00, the result of 
§§9.1.5 guarantees that the product converges. 


9.1.7 Blaschke Factorization 


Suppose that f is a bounded holomorphic function on D(0, 1) vanishing 
to order m > 0 at 0 and that {a;} are its other zeros listed with multiplic- 
ities. Then 


f(z) =2™-¢ TJ] -2 Ba, (2) > - F(z) (9.1.7.1) 


where F is a bounded holomorphic function on D(0,1), F is zero-free, and 


sup |f(z)|= sup |F(z)|. (9.1.7.2) 
z€D(0,1) z€D(0,1) 


In other words, f is the product of (i) a factor of the form z™, (ii) a 
Blaschke product, and (iii) a non-vanishing function. 


Ge 


9.2 The Hadamard Gap Theorem 
9.2.1 The Technique of Ostrowski 


In this brief section we present a technique of Ostrowski for producing 
series that exhibit a phenomenon called “over-convergence” (to be defined 


below). 


9.2.2 The Ostrowski-Hadamard Gap Theorem 


Let f be holomorphic on a domain U. A point P of OU is called regular 
if f extends to be a holomorphic function on an open set containing U and 
also the point P (Figure 9.1). 
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FIGURE 9.1 
The point P is regular for f. 


Ostrowski-Hadamard Let 0 < p; < po < --- be integers and 
suppose that there is a A > 1 such that 


td for j=1,2,.... (9.2.2.1) 
j 


Suppose that, for some sequence of complex numbers {a,;}, the 
power series 


f(z) = 3 a, 2P5 (9.2.2.2) 
j=l 


has radius of convergence 1. Then no point of 0D is regular for 
f. 


The meaning of this theorem is that a function f constructed according 
to the series expansion (9.2.2.2) will have the disc as its natural domain 
of definition: such an f cannot be holomorphically extended to any larger 
open set. See also Chapter 10 on analytic continuation. 


MR 


9.3. Entire Functions of Finite Order 
9.3.1 Rate of Growth and Zero Set 


This section contains the version for entire functions of a basic idea that 
we alluded to earlier: that the rate of growth of a function controls the 
distribution of its zeros. 
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9.3.2 Finite Order 


An entire function f is said to be of finite order if there exist numbers 
a,r > 0 such that 


\f(z)| <exp(|z|*) for all |z| > r. (9.3.2.1) 


The infimum of all numbers a for which such an inequality holds is called 
the order of f and is denoted by 4 = X(f). 

Let f be an entire function of finite order 4 and satisfying f(0) = 1 (this 
last is a harmless normalization). If a1, a2,... are the zeros of f listed with 
multiplicities and if |a;| < |ag| <..., then 


© @) 
S— |an| 74? < &. (9.3.2.2) 
=] 


In §§8.2.3 and what followed we showed how to write a factorization of an 
entire function in a fashion that made its zeros explicit (the “Weierstrass 
factorization”). Recall that the convergence of the Weierstrass product 
relied on a condition such as the convergence of the series discussed in 
§§8.2.3. The discussion below shows how 8§8.2.3 links up with (9.3.2.2). 


9.3.3. Finite Order and the Exponential Term of 
Weierstrass 


Now that we have examined what A(f) says about the zeros of f we 
will turn to the other part of the Weierstrass Factorization: the function 
g. Some technical preliminaries are needed for this purpose. 

Let f be a non-constant entire function of finite order 1 and suppose 
that f(0) = 1. Let {a1,a2,...} be the zeros of f listed with multiplicities. 
Suppose that |a;| < ” <---.Ifp>A—1is an vee then 


dee mR 2) _ ” ) Gaaarr lac ar (9.3.3.1) 


9.3.4 Weierstrass Canonical Products 


If f is an entire function of finite order \ and f(0) = 1, then the canonical 


Weierstrass product 
f(z) = 9 P(z) (9.3.4.1) 


has the property that g is a polynomial of degree less than or equal to X. 


9.3.5 The Hadamard Factorization Theorem 


If f is an entire function of finite order and {a;} the zeros of f, listed 
with multiplicity, then we define the rank p of f to be the least positive 
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integer such that 
> lan|~ Pt) < 00. (9.3.5.1) 
an~0 


Observe that the result of §§9.3.2 guarantees that such a p exists. Now 
Weierstrass’s theorem (§§9.3.4) tells us that the function g in the exponen- 
tial is a polynomial of degree gq with q < 4. We define the genus p of f to 
be the maximum of p and gq. 

An entire function of finite order is also of finite genus p and 


usr. (9.3.5.2) 


9.3.6 Value Distribution Theory 


Let f be an entire function of finite order A ¢ Z. If c lies in the image of 
f, then there are infinitely many distinct z; € C such that f(z;) =. 

Let f be a non-constant entire function of finite order. Then the image 
of f contains all complex numbers except possibly one (this is Picard’s 
little theorem, §§10.5.2). If, in addition, f has non-integral order, then f 
assumes each of these values infinitely many times. 


Chapter 10 


Analytic Continuation 


10.1 Definition of an Analytic Function Element 
10.1.1 Continuation of Holomorphic Functions 


Suppose that V is a connected, open subset of C and that f; :V —C 
and f2: V —C are holomorphic functions. If there is an open, non-empty 
subset U of V such that f; = fo on U, then f; = fe on all of V (see 
§§3.2.3). Put another way, if we are given an f holomorphic on U, then 
there is at most one way to extend f to V so that the extended function is 
holomorphic. [Of course there might not even be one such extension: if V is 
the unit disc and U the disc D(3/4, 1/4), then the function f(z) = 1/z does 
not extend. Or if U is the plane with the non-positive real axis removed, 
V =C, and f(re®) = r1/2e'9/?, a < 6 < 7, then again no extension from 
U to V is possible.] 

This chapter deals with the question of when this extension process can 
be carried out, and in particular what precise meaning can be given to 
extending f from U to as large a set V as possible. 


10.1.2 Examples of Analytic Continuation 


We introduce the basic issues of “analytic continuation” by way of three 
examples: 


EXAMPLE 10.1.2.1 Define 


f(Z=>_ 2. (10.1.2.1.1) 


This series converges normally on the disc D = {z € C: |z| < 1}. It diverges 
for |z| > 1. Is it safe to say that D is the natural domain of definition for 
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f (refer to §§8.3.2, §§8.3.4 for this terminology)? Or can we “continue” f 
to a larger open set? 

We cannot discern easily the answer to this question simply by examining 
the power series. Instead, we should sum the series and observe that 


1 
1l-—z 


f(z) = (10.1.2.1.2) 
This formula for f agrees with the original definition of f as a series; 
however, the formula makes sense for all z € C\{1}. In our new terminology, 
to be made more precise later, f has an analytic continuation to C \ {1}. 
Thus we see that the natural domain of definition for f is the rather 
large set C \ {1}. However, the original definition, by way of a series, gave 
little hint of this fact. O 


EXAMPLE 10.1.2.2 Consider the function 


T(z) = | t?-1e~* dt. (10.1.2.2.1) 
0 


This function is known as the gamma function of Euler; it is discussed in 
detail in §§13.1.1. Let us make the following quick observations: 


(10.1.2.2.2) The term ¢?~! has size |t?~1| = ¢®¢2-!. Thus the singularity 
at the origin will be integrable when Rez > 0. 


(10.1.2.2.3) Because of the presence of the exponential factor, the inte- 
grand will certainly be integrable at infinity. 


(10.1.2.2.4) The function I is holomorphic on the domain Up = {z 
Rez > 0}: the functions 


l/a 
/ t1e-t dt, (10.1.2.2.5) 
a 


with a > 0, are holomorphic by differentiation under the integral sign 
(or use Morera’s theorem—§§2.3.2), and ['(z) is the normal limit of 
these integrals as a — OT. 


The given definition (10.1.2.2.1) of ['(z) makes no sense when Rez < 0 
because the improper integral diverges at 0. Can we conclude from this 
observation that the natural domain of definition of Tis Uo? 

Let us examine this question by integrating by parts: 


oe 1 
[(z) = | t? let dt = ste 


oo 1 ©. @) 
+i i ttetdt. ——(10.1.2.2.6) 
0 % Jo 


0 
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An elementary analysis shows that, as long as Rez # 0, the boundary 
terms vanish (in the limit). Thus we see that 


T(z) = - | t*e~* dt. (10.1.2.2.7) 


Now, whereas the original definition (10.1.2.2.1) of the gamma function 
made sense on Up, this new formula (which agrees with the old one on Up) 
actually makes sense on U; = {z : Rez > —1} \ {0}. No difficulty about 
the convergence of the integral as the lower limit tends to 0* occurs if 
z€ {z:Rez>-—1}. 

We can integrate by parts once again, and find that 


1 [o.@) 
= —___ t2tle—t de. 10.1.2.2. 
T(z) zen | e (10 8) 


This last formula makes sense on U2 = {z : Rez > —2} \ {0, —1}. 
Continuing this process, we may verify that the gamma function, origi- 

nally defined only on Up, can be “analytically continued” to U = {zeC: 

z#0,—1,—-2,...}. Oo 


In the first two examples, the functions are given by a formula that only 
makes sense on a certain open set; yet there is in each case a device for 
extending the function to a larger open set. Recall that, by our uniqueness 
results for analytic functions, there can be at most one way to effect this 
“analytic continuation” process to a fixed, larger (connected) open set. In 
the next example, we learn about possible ambiguities in the process when 
one attempts continuation along two different paths. 


EXAMPLE 10.1.2.3 Consider the function f(z), initially defined on 
the disc D((1 + 10),1/2) by f(re*) = r1/%e*®/2, Here it is understood 
that —1/4 < 0 < 1/4. This function is well-defined and holomorphic; in 
fact it is the function usually called the principal branch of ,/z. Note that 
Lf(2)]? = z. 

Imagine analytically continuing f to a second disc, as shown in Figure 
10.1. This is easily done, using the same definition f(re*?) = r1/2e*8/2, If 
we continue to a third disc (Figure 10.2), and so on, we end up defining 
the square root function at z = —1. See Figure 10.3. Indeed, we find that 
f(—1) has the value i. 

However, we might have begun our analytic continuation process as 
shown in Figure 10.4. We begin at 1, and iterate the continuation pro- 
cess in a clockwise direction so that process ends at z = —1. Doing so, we 
would have found that f(—1) = —i. | 
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FIGURE 10.1 
Analytic continuation to a second disc. 


FIGURE 10.2 
Analytic continuation to a third disc. 
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FIGURE 10.8 
Defining the square root function at —1. 


FIGURE 10.4 
Analytic continuation in the other direction. 
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f defined here 
8 defined here 


FIGURE 10.5 
The function element (g,V) is a direct analytic continuation of (f,U). 


Thus we see that the process of analytic continuation can be ambiguous. 
In the present example, the ambiguity is connected to the fact that a holo- 
morphic square root function cannot be defined in any neighborhood of the 
origin; yet our two paths of analytic continuation encircle the origin. O 


It is because of the phenomena illustrated in these three examples—and 
many others like them—that we must take a detailed and technical ap- 
proach to the process of analytic continuation. Even making the questions 
themselves precise takes some thought. 


10.1.3. Function Elements 


A function element is an ordered pair (f,U), where U is a disc D(P,r) 
and f is a holomorphic function defined on U. If W is an open set, then a 
function element in W is a pair (f,U) such that U C W. 


10.1.4 Direct Analytic Continuation 


Let (f,U) and (g, V) be function elements. We say that (g, V) is a direct 
analytic continuation of (f,U) if UNV # @ and f and g are equal on UNV 
(Figure 10.5). Obviously (g,V) is a direct analytic continuation of (f,U) 
if and only if (f,U) is a direct analytic continuation of (g, V). 


10.1.5 Analytic Continuation of a Function 


If (f1,U1),.--5(fx,U%) are function elements and if each (f;,U;) is a 
direct analytic continuation of (f;-1,U;-1), j = 2,...,k, then we say that 
(fx, Ux) is an analytic continuation of (f1,U1) (Figure 10.6). 

Clearly (f,,Ux) is an analytic continuation of (f1,U1) if and only if 
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_ f, defined here 


fy defined here 


f,defined here 
f, defined here 


f, defined here 


f, defined here 


f defined here 


FIGURE 10.6 
The function element (f,x,U,) is an analytic continuation of (f1,U1). 


(fi, U1) is an analytic continuation of (f;,, U;,). Also if (f;, U;) is an analytic 
continuation of (f;, U1) via a chain (f1,U1),..., (fr, Us) and if (frie, Ue+e) 
is an analytic continuation of (f,, U,) via a chain (fx, Uz), (fe4i1,0b41),--- 
(fr+e,U4e), then stringing the two chains together into (f1,U1),..., (frre, 
Ux+e) exhibits (frie,Uk4e) as an analytic continuation of (f;,U1). Obvi- 
ously any function element (f,U) is an analytic continuation of itself. 


10.1.6 Global Analytic Functions 


Thus we have an equivalence relation (see [KRA3, p. 52] or the Glossary 
for this terminology) by way of analytic continuation on the set of function 
elements: namely, two function elements are equivalent if one is the analytic 
continuation of the other. The equivalence classes ([KRA3, p. 53]) induced 
by this relation are called (global) analytic functions. However, a caution 
is in order: global analytic functions are not yet functions in the usual 
sense, and they are not analytic in any sense that we have defined as yet. 
Justification for the terminology will appear in due course. 

Note that the initial element (f,U) = (f1,Ui1) uniquely determines the 
global analytic function, or equivalence class, that contains it. But a global 


analytic function may include more than one function element of the form 
(f,U) for a fixed disc U (see Example 10.1.2.3). Indeed, a global analytic 
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function f may have in effect more than one value at a point: two function 
elements (f1,U) and (f2,U) can be equivalent even though f;(P) # fo(P), 
where P is the center of the disc U. If f denotes the global analytic function 
corresponding to (f,U), then we call (f,U) a branch of f. 


10.1.7 An Example of Analytic Continuation 


EXAMPLE 10.1.7.1 Let U = D(1+10,1/2) and let f be the holomor- 
phic function log z. Here log z is understood to be defined to be log |z| + 
targz, and —7/4 < argz < 7/4. As in Example 10.1.2.3, the function 
element (f,U) can be analytically continued to the point —1 + 70 in (at 
least) two different ways, depending on whether the continuation is along 
a curve proceeding clockwise about the origin or counterclockwise about 
the origin. 

In fact, all the “branches” of logz can be obtained by analytic con- 
tinuation of the log|z| + iargz branch on D(1 + 02,1/2) (by continuing 
several times around, either clockwise or counterclockwise). Thus the idea 
of “branches” of log z (§§4.5.6, §§10.1.2) is consistent with the general an- 
alytic continuation terminology just introduced. 0 


In some situations, it is convenient to think of a function element as a 
convergent power series. Then the role of the open disc U is played by the 
domain of convergence of the power series. This is a useful heuristic idea 
for the reader to bear in mind. From this viewpoint, two function elements 
(f1,U) and (f2,V) at a point P (such that U and V are discs centered at 
the same point P) should be regarded as equal if f; = fg on UNV. 


ee 


10.2. Analytic Continuation along a Curve 
10.2.1 Continuation on a Curve 


Let y : [0,1] — C be a curve and let (f,U) be a function element with 
7(0) the center of the disc U (Figure 10.7). An analytic continuation of 
(f,U) along the curve ¥ is a collection of function elements (f;, Uz), t € 
(0, 1], such that 


(10.2.1.1) (fo,Uo) = (f,U). 
(10.2.1.2) For each t € [0,1], the center of the disc UV; is y(t),O0<t <1. 


(10.2.1.3) For each t € [0,1], there is an € > 0 such that, for each ¢’ € (0, 1] 
with |t’ — t| < ¢, it holds that 
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FIGURE 10.7 
Analytic continuation along a curve. 


(a) y(t’) € U; and hence Up NU; # Q; 


(b) fi = fe on Up NU; (so that (f:, Uz) is a direct analytic contin- 
uation of (fy, Uz)). Refer to Figure 10.8. 


Let (f,U) be a function element with U a disc having center P. Let + 
be a curve such that (0) = P. Any two analytic continuations of (f,U) 
along ‘yy agree in the following sense: if ( fi,U Ji) is the terminal element of 
one analytic continuation (f;, U;) and if ( fi, U 1) is the terminal element of 
another analytic continuation ( fe, Uz), then f; and fi are equal on U; NU). 


10.2.2 Uniqueness of Continuation along a Curve 


Thus we see that the analytic continuation of a given function element 
along a given curve is essentially unique, if it exists. From here on, to 
avoid being pedantic, we shall regard two analytic continuations (f;, U:) 
and ( fi; U2) as “equal,” or equivalent, if f; = ft on Ui U; for all t¢. With 
this terminological convention (which will cause no trouble), the result of 
§10.2.1 says exactly that analytic continuation of a given function element 
along a curve is unique. 


OO ee 


10.3 The Monodromy Theorem 


The fundamental issue to be addressed in the present section is this: 
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FIGURE 10.8 
Details of analytic continuation along a curve. 


10.3.1 Unambiguity of Analytic Continuation 


Let P and Q be points in the complex plane. Let (f,U) bea 
function element such that U is a disc centered at P. If 71,2 
are two curves that begin at P and terminate at Q then does the 
terminal element of the analytic continuation of (f,U) along 7 
equal the terminal element of the analytic continuation of (f, U) 
along 2 (on their common domain of definition)? 


We shall begin to answer this question in §§10.3.2. The culmination of 
our discussion will be the monodromy theorem in §§10.3.5. 


10.3.2 The Concept of Homotopy 


Let W be a domain in C. Let yo : [0,1] ~ W and j : [0,1] — W be 
curves. Assume that yo(0) = 71(0) = P and that yo(1) = y1(1) = Q. We 
say that Yo and 7, are homotopic in W (with fixed endpoints) if there is a 


continuous function 
H : [0,1] x (0,1) > W (10.3.2.1) 


such that 
(10.3.2.2) H(0,t) = o(t) for all t € (0, 1]; 
(10.3.2.3) H(1,t)=i(t) for all t € (0, 1]; 
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ut is homotopic to T 

Y is homotopic to 9 
7 is not homotopic to either T or pw 
7 is not homotopic to either T or 


FIGURE 10.9 
The concept of homotopy. 


(10.3.2.4) H(s,0)=P_ for all s € (0, 1); 
(10.3.2.5) H(s,1)=Q_ for all s € [0,1]. 


Then # is called a homotopy (with fixed endpoints) of the curve 7p to the 
curve 7;. Refer to Figure 10.9 to view two curves that are homotopic and 
two that are not. 


10.3.3. Fixed Endpoint Homotopy 


Note: Since we are only interested in homotopies with fixed endpoints, 
we shall omit the phrase “with fixed endpoints” in the remainder of our 
discussion. 

Intuitively, we think of a homotopy H as follows. Let H,(t) = H(s,t). 
Then condition (10.3.2.2) says that Ho is the curve yo. Condition (10.3.2.3) 
says that Hj, is the curve 7. Condition (10.3.2.4) says that all the curves 
H, begin at P. Condition (10.3.2.5) says that all the curves H, terminate 
at @. The homotopy amounts to a continuous deformation of yo to 7 with 
all curves in the process restricted to lie in W. 

We introduce one last piece of terminology: 
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FIGURE 10.10 
The monodromy theorem. 


10.3.4 Unrestricted Continuation 


Let W be a domain and let (f,U) be a function element in W. We 
say (f,U) admits unrestricted continuation in W if there is an analytic 
continuation (f;, U,) of (f,U) along every curve y that begins at P and lies 
in W. 


10.3.5 The Monodromy Theorem 


One situation, in practice the primary situation, in which the question 
raised in §§10.3.1 always has an affirmative answer is given by the following 
theorem: 


The Monodromy Theorem: Let W C C be a connected 
open set. Let (f,U) be a function element with U C W. Let 
P denote the center of the disc U. Assume that (f,U) admits 
unrestricted continuation in W. If yo, are each curves that 
begin at P, terminate at some point Q, and are homotopic 
in W, then the analytic continuation of (f,U) to Q along yo 
equals the analytic continuation of (f,U) to Q along 7. Refer 
to Figure 10.10. 


10.3.6 Monodromy and Globally Defined Analytic 
Functions 


Let W C C be a connected open set. Assume further that W is topolog- 
ically simply connected, in the sense that any two curves that begin at the 
same point and end at the same point (possibly different from the initial 
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point) are homotopic—see the related discussion of simple connectivity in 
§§2.3.3. Assume that (f,U) admits unrestricted continuation in W. Then 
there is a globally defined holomorphic function F' on W that equals f on 
U. 

In view of the monodromy theorem, we now can understand specifically 
how it can be that the function ,/z, and more generally the function log z, 
cannot be analytically continued in a well-defined fashion to all of C \ {0}. 
The difficulty is with the two curves specified in Example 10.1.2.3, or in 
Example of 10.1.7.1: they are not homotopic in the region C \ {0} (which 
is the region of definition of the analytic function being considered). 


10.4 The Idea of a Riemann Surface 
10.4.1 What is a Riemann Surface? 


In this section we give an intuitive description of the concept of what is 
called a Riemann surface. 

The idea of a Riemann surface is that one can visualize geometrically 
the behavior of function elements and their analytic continuations. At the 
moment, a global analytic function is an analytic object. A global analytic 
function is the set of all function elements obtained by analytic continuation 
along curves (from a base point P € C) of a function element (f,U) at P. 
Such a set, which amounts to a collection of convergent power series at 
different points of the plane C, does not seem very geometric in any sense. 
But in fact it can be given the structure of a surface, in the intuitive sense 
of that word, quite easily. (The precise definition and detailed definition 
of what a “surface” is would take us too far afield: we shall be content 
here with the informal idea that a surface is a two-dimensional object that 
locally “looks like” an open set in the plane. A more precise definition 
would be that a surface is a topological space that is locally homeomorphic 
to C. See [LST], [ONE] for a more detailed discussion of surfaces.) 


10.4.2. Examples of Riemann Surfaces 


The idea that we need is most easily appreciated by first working with 

a few examples. Consider the function element (f,U) defined on U = 
D(1 + 0i, 1/2) by | | 

z= ree pl/2_%8/2 (10.4.2.1) 

where r > 0 and —71/4 < 0 < 7/4 makes the re” representation of z € 


D(1,1) unique. This function element is the “principal branch of ./z ” at 
z = 1 that we have already discussed in Example 10.1.2.3. The functional 
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element (f,U) can be analytically continued along every curve 7y emanating 
from 1 and lying in C\{0}. Let us denote by R (for “Riemann surface” ) the 
totality of all function elements obtained by such analytic continuations. 
Of course, in set-theoretic terms, R is just the global analytic function \/z, 
just as we defined this concept earlier in §§10.1.6. All we are trying to do 
now is to “visualize” R in some sense. 

Note that every point of R “lies over” a unique point of C \ {0}. A 
function element (f,U) € F is associated to the center of U, that is to 
say, (f,U) is a function element at a point of C \ {0}. So we can define a 
“projection” 7: R — C \ {0} by 


m((f,U)) = the center of the disc U. (10.4.2.2) 


This is just new terminology for a situation that we have already discussed. 

The projection 7 of R is two-to-one onto C \ {0}. In a neighborhood of 
a given z € C \ {0}, there are exactly two holomorphic branches of ,/z. [If 
one of these is (f,U), then the other is (—f,U). But there is no way to 
decide which of (f,U) and (—f,U) is the square root in any sense that can 
be made to vary continuously over all of C \ {0}.] We can think of R as a 
“surface” in the following manner: 

Let us define neighborhoods of “points” (f,U) in R by declaring a neigh- 
borhood of (f,U) to be 


{(fp, Up): p € U and (fp, Up) is a direct 
analytic continuation of (f,U) to p}. (10.4.2.3) 


This new definition may seem formalistic and awkward. But it has the 
attractive property that it makes 7 : R — C \ {0} locally one-to-one. 
Every (f,U) has a neighborhood that maps, under 7, one-to-one onto an 
open subset of C \ {0}. This gives a way to think of R as being locally like 
an open set in the plane. 

Let us try to visualize R still further. Let W = C\{z=2+70: x < 0}. 
Then x—!(W) decomposes naturally into two components, each of which is 
an open set in R. (Since we have defined neighborhoods of points in R, we 
naturally have a concept of open set in R as well.) These two components 
are “glued together” in R itself: R is connected, while 7~!(W) is not. Note 
that, on each of the connected components of 7~!(W), the projection 7 is 
one-to-one. All of this language is just a formalization of the fact that, on 
W, there are two holomorphic branches of ,/z—namely re’? 1 r1/2¢%8/2 
and re® 14 —rl/2¢t8/2 ag <Q <a. 

Each of the components of 7~!(W) can be thought of as a “copy” of 
W, since 7 maps a given component one-to-one onto W. See Figure 10.11. 
How are these “copies,” say Q; and Q2, glued together to form R? We join 
the second quadrant edge of Q; to the third quadrant edge of Q2 and the 
second quadrant edge of Q2 to the third quadrant edge of Q;. Of course 
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FIGURE 10.11 
The Riemann surface for the square root of z. 


FIGURE 10.12 
The joins in the Riemann surface for the square root of z. 


these joins cannot be simultaneously performed in three-dimensional space. 
So our picture is idealized. See Figure 10.12. Tacitly, in our construction 
of ®, we have restored the negative real axis. 


10.4.3 The Riemann Surface for the Square Root Function 


We have now constructed a surface, known as the “Riemann surface for 
the function ,/z.” This surface that we have obtained by gluing together the 
two copies of W is in fact homeomorphic to the topological space that we 
made from R (the set of function elements) when we defined neighborhoods 
in ®. So we can regard our geometric surface, built from gluing the two 
copies of W together, and the function element space R, as being the same 
thing, that is the same surface. 


10.4.4 Holomorphic Functions on a Riemann Surface 


Since 7: R — C \ {0} is locally one-to-one, we can even use this projec- 
tion to describe what it means for a function F : R — C to be holomorphic. 
Namely, F is holomorphic if F o 7~! : 7(U) — C is holomorphic for each 
open set U in R with 7 one-to-one on U. With this definition in mind, 
f(z) = Vz becomes a well-defined, “single-valued” holomorphic function 
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FIGURE 10.18 
The Riemann surface for the n*® root of z. 


on R. To wit, if (f,U) is a function element in R, located at P € C \ {0}, 
i.e., with 7(f,U) = P, then we set 


F((f,U)) = f(P). (10.4.4.1) 


In this setup, F?((f,U)) = 1(f?,U) = P [since f#(z) = z]. Therefore F is 
the square root function, in the sense described. 

There are similar pictures for ~/z—see Figure 10.13. Note that the 
Riemann surface for 7/z has n sheets, joined together in sequence. 


10.4.5 The Riemann Surface for the Logarithm 


It requires some time, and some practice, to become familiar with the 
construction of a Riemann surface from a given function. To get accus- 
tomed to it further, let us now discuss briefly the Riemann surface for 
“log z” (see also Example 10.1.7.1). More precisely, we begin with the 
“principal branch” re’? + logr +i defined on D(1 + 0i,1/2) by requiring 
that —1/4 < 0 < 7/4 and we consider all its analytic continuations along 
curves emanating from 1. We can visualize the “branches” here by noting 
that, again with W = C \ ({0} U the negative real axis), 7~1(W) has in- 
finitely many components—each a copy of W—on which 7 maps one-to-one 
onto W. Namely, these components are the “branches” of log z on W: 


re™ > logr+i0+2nik, keEZ, (10.4.5.1) 


where —1 < 6 <7. Picture each of these (infinitely many) images stacked 
one above the other (Figure 10.14). We join them in an infinite spiral, 
or screw, with the upper edge of the k*" surface being joined to the lower 
edge of the (k—1)** surface. Observe that going around the origin (counted 


10.4. The Idea of a Riemann Surface 139 


FIGURE 10.14 
The Riemann surface for log z. 


clockwise in C \ {0}) corresponds to going around and up one level on the 
spiral surface. This is the geometric representation of the fact that, when 
we analytically continue a branch of log r+10+ 27k once around the origin 
counterclockwise then k increases by 1. This time there is no joining of the 
first and last “sheets.” The spiral goes on without limit in both direction. 


10.4.6 Riemann Surfaces in General 


The idea that we have been discussing, of building surfaces from function 
elements, can be carried out in complete generality: Consider the set of all 
analytic function elements that can be obtained by analytic continuation 
(along some curve in C) of a given function element (f,U). This is what 
we called earlier a global analytic function. Then this set of function ele- 
ments can actually (and always) be regarded as a connected surface: There 
is a projection onto an open set in C obtained by sending each function 
element to the point of C at which it is located. This projection is a local 
identification of the set of function elements with part of C, and so it in 
effect exhibits the set of function elements as being two-dimensional, i.e., 
a surface; after this observation, everything proceeds as in the examples. 
The reader is invited to experiment with these new ideas—see particularly 
the discussion and exercises in [GK]. 
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10.5 Picard’s Theorems 
10.5.1 Value Distribution for Entire Functions 


The image, or set of values, of an entire function must be quite large. This 
statement is true in a variety of technical senses, and Nevanlinna theory 
gives a detailed development of the concept. Here we simply enunciate 
the theorems of Picard which give some sense of the robustness of entire 
functions. 


10.5.2 Picard’s Little Theorem 


Theorem: If the range of a holomorphic function f : C — C 
omits two points of C, then f is constant. 


The entire function f(z) = e* shows that an entire function can omit 
one value (in this case, the value 0). But the theorem says that the only 
way that it can omit two values is if the function in question is constant. 


10.5.3. Picard’s Great Theorem 


The following theorem, known as the great theorem of Picard, strength- 
ens the Little Theorem (see §§10.5.4 for the explication of this connection). 


Theorem: Let U be a region in the plane, P € U, and suppose 
that f is holomorphic on U\{P} and has an essential singularity 
at P. If « > 0, then the restriction of f to UN [D(P,e) \ {P}] 
assumes all complex values except possibly one. 


10.5.4 The Little Theorem, the Great Theorem, and the 
Casorati-Weierstrass Theorem 


Compare Picard’s great theorem with the Casorati/Weierstrass theorem 
(§§4.1.6). The Casorati/Weierstrass theorem says that, in a deleted neigh- 
borhood of an essential singularity, a holomorphic function assumes a dense 
set of values. Picard’s theorem refines this to “all values except possibly 
one.” 

What is the connection between the great theorem and the little theo- 
rem? And how do these two theorems relate to the results about entire 
functions that we have already seen? 

A non-constant entire function cannot be bounded near infinity, or else 
it would be bounded on C and hence (by Liouville’s theorem—8§3.1.3) be 
constant. So it has either a pole or an essential singularity at infinity. In 
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the first instance, the function is a polynomial (see §§4.6.6). But then 
the Fundamental Theorem of Algebra (§§1.1.7) tells us that the function 
assumes all complex values. In the second instance, the great theorem 
applies at the point oo and implies the little theorem. 

Nevanlinna theory is an analytic refinement of the ideas we have been 
discussing here. There is a delicate interplay between the rate of growth 
(at oo) of an entire function and the distribution of its zeros. Section 9.3 
explores some of these connections. 


Chapter 11 


Rational Approximation Theory 


a 


11.1 Runge’s Theorem 
11.1.1 Approximation by Rational Functions 


A rational function is, by definition, a quotient of polynomials. 


Let K C C be compact and let f : K — C be a given function on K. 
Under what conditions is f the uniform limit of rational functions with 
poles in C \ K (see §§6.3.1-§§6.3.3 for this notation)? There are some 
obvious necessary conditions: 


(11.1.1.1) f must be continuous on K; 
(11.1.1.2) f must be holomorphic on K , the interior of K. 


It is a striking result of Mergelyan that, in case Cc \ K has finitely many 
connected components, then these conditions are also sufficient. In the 
present section we shall begin by discussing a weaker result—known as 
Runge’s theorem—that is considerably easier to establish. 


11.1.2 Runge’s Theorem 


Let K C C be compact. Let f be holomorphic on a neighbor- 
hood of K. Let PCC \K contain at least one point from each 
connected component of Cc \ K. Then for any € > 0 there is a 
rational function r(z) with poles in P such that 


max | f(z) —r(z)| <e. (11.1.2.1) 
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FIGURE 11.1 
The region Ky, in Example 11.1.4.1. 


11.1.3. Approximation by Polynomials 


Let kK C C be compact and assume that C \ K is connected. 
Let f be holomorphic on a neighborhood of K. Then for any 
€ > 0 there is a holomorphic polynomial p(z) such that 


max |p(z) — f(z)| <e. (11.1.3.1) 


This result follows from Runge’s theorem by taking P = {oo}. 


11.1.4 Applications of Runge’s Theorem 


EXAMPLE 11.1.4.1 There is a sequence of holomorphic polynomials 
p; such that p; — 1 normally in the upper half plane, p; — —1 normally 
in the lower half plane, and p; — 0 normally on the real axis. To see this, 
let 


1 
Ky = {2 EC: k 
U{z € C: Imz = 0,|Rez| < k}. (11.1.4.1.1) 


< |Imz| < k, |Rez| < k| 


See Figure 11.1. 


Let 
1 ifImz> a 


fx(z)= 40 if |Imz)<% (11.1.4.1.2) 
—lifImz< =. 


Then f; is holomorphic on a neighborhood of K;,. And C\K ; 1s connected. 
So the result in §811.1.3 applies and there is a holomorphic polynomial p,; 
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such that 
max |pk(z) — fi(2)| < Q-*. (11.1.4.1.3) 
k 
The sequence {p;,} has the desired properties. O 
EXAMPLE 11.1.4.2 There is a sequence of holomorphic polynomials 
pr such that p;,(0) = 1 for all k and p, — 0 pointwise on (indeed uniformly 


on compact subsets of) C \ {0}. 
Indeed, for k = 2,3,..., let 


Ly = D(0,k) \ Lp (0.5) u{zeC:0<Imz< apRez > o}| 


2k 
(11.1.4.2.1) 
and 

Ky = Ly U {0}. (11.1.4.2.2) 

See Figure 11.2. Define 

lif|zi<% 

= , 11.1.4.2.3 
Fel) oie. ( ) 


Then f;, is holomorphic on a neighborhood of Kx, C\K % is connected, and 
the result of §§11.1.3 applies. So there is a polynomial q, such that 


max lax(z) — fe(z)| < 27*. (11.1.4.2.4) 
Define 
Pk(2) = Qe(z) + (1 — 9e(0)). (11.1.4.2.5) 
Then p;,(0) = 1 and 
max |pi(2) — fie(2)| < max |pe(z) — ae(2)| + lge(2) — fa(2) 
= |1 — ge (0)| + max |ge(z) — fe(2)) 
= |f(0) — 6 (0)| + max |g (z) — fe(z)| 
<2FigQ-k 


_— g—kt+l 


Thus the sequence {p;} has all the required properties. 0 
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FIGURE 11.2 
The region Ky, in Example 11.1.4.2. 


eee 


11.2 Mergelyan’s Theorem 
11.2.1 An Improvement of Runge’s Theorem 


Runge’s theorem leaves open the question whether conditions (11.1.1.1) 
and (11.1.1.2) are sufficient for rational approximation on K. When C \ 
K has finitely many components, the conditions are sufficient: this is 
the content of Mergelyan’s theorem which we treat in this section. It is 
startling that a period of sixty-seven years elapsed between the appearance 
of Runge’s theorem (1885) and that of Mergelyan’s theorem (1952), for 
Mergelyan’s proof involves no fundamentally new ideas. The proof even 
uses Runge’s theorem. 


11.2.2 A Special Case of Mergelyan’s Theorem 


Let K C C be acompact set. We let C(K) denote the space of continuous 
functions having domain K. 


Let kK C C be compact and assume that C \ K is connected. 


Let f € C(K) be holomorphic on K . Then for any € > 0 there 
is a holomorphic polynomial p(z) such that 


max |p(2) — f(2)| <«. (1.2.2.1) 
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11.2.3. Generalized Mergelyan Theorem 


Let K C C be compact and suppose that C\K has only finitely 
many connected components. If f € C(K) is holomorphic on 


K and if « > 0, then there is a rational function r(z) with poles 
in C \ K such that 


max |f(2) — r(z)| <e. (11.2.3.1) 


Chapter 12 


Special Classes of Holomorphic 
Functions 


12.1 Schlicht Functions and the Bieberbach 
Conjecture 


12.1.1 Schlicht Functions 
A holomorphic function f on the unit disc D is called schlicht if 


(12.1.1.1) f is one-to-one, 
(12.1.1.2) f(0) =0, 
(12.1.1.3) f/(0) =1. 


In this circumstance we write f € S. Such a function has a power series 
expansion of the form 


{2224 S64; 2, (12.1.1.4) 
j=2 
If 0 < 0 < 27, then the Kobe function 
re 
= —___ 12.1.1. 
Jo(2) (1 + ez)? (tess) 


is a schlicht function that satisfies |a;| = for all 7. 


12.1.2 The Bieberbach Conjecture 


It was a problem of long standing to show that the Kébe functions are 
the only schlicht functions whose coefficients have this property. It was 
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further conjectured that for any schlicht f it holds that |a;| < j. This 
last was known as the Bieberbach conjecture. Both of these problems were 
solved in the affirmative by Louis De Branges [DBR] in 1984. 

In this section we list briefly some of the ingredients that have been used 
historically to understand the Bieberbach conjecture. 


12.1.3. The Lusin Area Integral 


Let 22 C C be a domain and y : 2 — C a one-to-one holomorphic 
function. Then y(Q) is a domain and 


area(y(Q)) = | \e(@)Paedy, (12.1.3.1) 


12.1.4 The Area Principle 
The Area Principle If f is schlicht and if 


1 1 Q , 
= ZNO TT zd ob. de 
h(z) [OMe + Ube (12.1.4.1) 
then so 
> ales)? <1. (12.1.4.2) 
j=l 


12.1.5 The Kébe 1/4 Theorem 
If f is schlicht, then 
f(D(0,1)) D> D(O, 1/4). (12.1.5.1) 


Remark: Note that if f € S, then f(0) =0 and f’(0) = 1 £0, hence, by 
the Inverse Function Theorem (see [RUD1]), the image of f will contain an 
open neighborhood of the origin. A similar conclusion may be derived from 
the open mapping principle of complex variable theory. Kébe’s theorem 
estimates the size of that neighborhood. 


Remark: Historically, (12.1.4.2) and (12.1.5.1) were of interest in schlicht 
function theory because they were used to estimate the size of |a2|. By 
separate, and increasingly difficult, arguments the estimates |a3| < 3, |a4| < 
4, |as| < 5, |ag| < 6, and so on up to |ag| were successfully proved. Some 
of the history is as follows: 
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1916 Bieberbach lag| <2 
1923 Loewner la3| <3 
1955 Garabedian & Schiffer la4| <4 
1968 Ozawa & Pederson lag| < 6 
1972 Pederson and Schiffer las| <5 


The full Bieberbach conjecture was proved in 1984. The complete history 
prior to 1984 is given in the book [DUR]. 


ae 


12.2 Extension to the Boundary of Conformal 
Mappings 


12.2.1 Boundary Continuation 


Let 21,2 be domains in C and let y : Q) — Qe be a conformal (one- 
to-one, onto, holomorphic) mapping. It is of both aesthetic and practical 
interest to consider whether y extends continuously to 0Q, (and, likewise, 
y-! to AN2). One might expect that, the nicer the boundaries of 2; and 
OQ, the more likely the existence of a continuous extension. 

It turns out that a continuous extension to the boundary exists virtually 
all the time, and the extension is more regular when the boundary is more 
regular. Here are two extreme examples: 


12.2.2 Some Examples Concerning Boundary 
Continuation 


EXAMPLE 12.2.2.1 The conformal mapping 
yp: D(0,1) > {z € D(0,1) : Imz > 0} (12.2.2.1.1) 
given by 


_ 1+ e/9 (1 -A/f +2? 


MOS Tee (aff. +a) 


(12.2.2.1.2) 


extends continuously but not differentiably to +1. Of course the boundary 
of {z € D(0,1) : Imz > 0} is only piecewise differentiable: it has corners 
at +1. O 


EXAMPLE 12.2.2.2 Any conformal map of the disc to the disc has the 
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form 
6 27a 


(12.2.2.2.1) 


ze! —, 

1 — az 

some 0p € [0,27) and a € D (see §§6.2.3). Such a map continues holomor- 
phically past every point of 0D. Note that OD is real analytic. O 


These two examples are indicative of some general phenomena that occur. 
We will now describe three of the most basic results. Let Q1, Q2 be bounded 
domains and y : 2}) — Q2 be a conformal mapping. 


(12.2.2.3) Carathéodory’s theorem: If 0),0Q2 are Jordan curves 
(simple, closed curves), then y (resp. y~') extends one-to-one and 
continuously to 02, (resp. 0g). 


(12.2.2.4) If 001, 0Q2 are C™, then y (resp. y~") extends one-to-one to 
On, (resp. OQ2) in such a fashion that the extension is C™ on QQ; 
(resp. 02). 


(12.2.2.5) If AQ 1, Nz are real analytic, then y (resp. y~ +) continues holo- 
morphically past OQ; (resp. 02). 


It should be noted that these results do not hold as stated if one of 
the domains is unbounded. Consider, for instance, the Cayley transform 
yp: D— {z:Imz > 0} given by y(z) = i(1 — z)/(1 + 2). 


eee 


12.3. Hardy Spaces 
12.3.1 The Definition of Hardy Spaces 


If 0 < p < oo, then we define H?(D) to be the class of those functions 
holomorphic on the disc and satisfying the growth condition 


1/p 


20 
sup (;- | f(r) Pas) < 00. (12.3.1.1) 
o<r<1 \27 Jo 


In this circumstance we write f € H?(D). It is convenient to use the 
notation || f||7» to denote the quantity displayed in (12.3.1.1). | 

We also let H®(D) denote the class of bounded holomorphic functions 
on D, and we let || f|| 77-0 denote the supremum of f on D. (The notation 
originates from the use of L° for bounded functions, with the essential 
supremum norm, in real analysis—see [RUD2], [FOL].) 
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12.3.2 The Blaschke Factorization for H@ 


In §9.1 we studied the H™ functions and characterized their zero sets. 
We also discovered (see §§9.1.7) that every H® function f has a factoriza- 
tion 

f(z) = F(z)- B(z) (12.3.2.1) 


where B(z) is a Blaschke product having the same zeros (counting mul- 
tiplicities) as f and F is a non-vanishing holomorphic function such that 
|F'llzc¢ = [lf lz. 

It is clear that for any p we have H?(D) > H™(D). G. H. Hardy, M. 
Riesz, and others, in a series of papers published in the 1920s, discovered 
that H?(D) functions share many of the properties of H®(D) functions. 
In particular, it turns out that the zero sets of H®(D) functions are just 
the same as those for H®(D) functions, and that a factorization such as 
(12.3.2.1) is valid. We shall investigate these matters in the present section. 

First we state a convenient result which tells us, in effect, that ||f|| az» is 
attained asr —> 17. 


12.3.3 Monotonicity of the Hardy Space Norm 
Let f be holomorphic on D. If 0 < rj < rg < 1, then 


27 Qn . 
i If (rie) |? dd < i |f (r2e**)|? dO. (12.3.3.1) 
0 0 


12.3.4 Containment Relations among 
Hardy Spaces 


If 0 < py < pe < oo, then 
H??(D) C H?*(D). (12.3.4.1) 
EXAMPLE 12.3.4.2 Let m = [pi + po]/2. The function f(z) = 


(1 — z)~/™ lies in H? but not in H??. These assertions can be veri- 
fied with elementary integrations. O 


12.3.5 The Zeros of Hardy Functions 


If f € H?,0< p<, and if a), a2,... are the zeros of f (listed 
with multiplicities), then }7,(1 — |a;|) < 00. 


These facts lead to a factorization result for H? functions: 
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12.3.6 The Blaschke Factorization for H? Functions 


Let 0 < p < oo. If f € H®(D) and if f vanishes to order m at 0, then 
there is a convergent Blaschke product B and a non-vanishing holomorphic 


F on D such that 
f(z) =z™- F(z)- Bz). (12.3.6.1) 


Furthermore, ||F'|| 47> = || f|| ze. 


Chapter 13 


Special Functions 


a 


13.0 Introduction 


While the spirit of modern analysis is to study classes or types of func- 
tions, there are some particular functions that arise so frequently that they 
have intrinsic interest. These functions are usually termed special func- 
tions. In this chapter we shall treat three of these which arise naturally 
in complex analysis: the gamma function of Euler, the beta function of 
Legendre, and the ¢ (or zeta) function of Riemann. 


en | 


13.1 The Gamma and Beta Functions 
13.1.1 Definition of the Gamma Function 
If Rez > 0, then define 


oe) 
r() = [ t?~1e~* dt. (13.1.1.1) 
0 


We have already seen this function in §810.1.2. 
Note that 
ete ee (13.1.1.2) 


so that the integral converges at t = 0. Likewise, for ¢ large, 
[t?—1e—t] = gRee-let < et/2e-t = et/2 | (13.1.1.3) 


so that the integral converges at oo. Thus I is a well-defined function for z 
in the right half plane. The following subsections present formally a set of 
ideas that we developed briefly in Example 10.1.2.2 to illustrate the notion 
of analytic continuation. 
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13.1.2 Recursive Identity for the Gamma Function 
A simple calculation shows that (1) = 1. If Rez >0, then | 
T(z+1) =z-T(z). (13.1.2.1) 


For n = 1,2,..., 
I'(n) = (n-1)! (13.1.2.2) 


13.1.3 Holomorphicity of the Gamma Function 


We can use Morera’s theorem (§§2.3.2) to see that the function ['(z) is 
holomorphic on the right half plane. 


13.1.4 Analytic Continuation of the Gamma Function 


The function I continues as a meromorphic function to all of C. The 
only poles are simple poles at 0,—1,—2,.... The residue at —k is (—1)*/Kl. 

Note that, by the uniqueness of analytic continuation, the functional 
equation ['(z + 1) = z-I(z) now holds for all z ¢ {0,—1,—2,...}. Thus 
the [ function provides a natural meromorphic continuation to C of the 
factorial function on the positive integers. 


13.1.5 Product Formula for the Gamma Function 
If z Z {0, -1, —2,...}, then 


not) 4) 


n'n? 
= lim ———————_- . 13.1.5.1 
nin, e41)---(2+n) (13.1.5.1) 
13.1.6 Non-Vanishing of the Gamma Function 


The [I function never vanishes. 


13.1.7 The Euler-Mascheroni Constant 
The limit 


| 1 1 1 
~+-4+...¢—-]- 13.1.7.1 
jim {(14+5+5+ +=) log} (13.1.7.1) 


exists. The limit is a positive constant denoted by + and called the Euler- 
Mascheroni constant. 
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Calculations show that 
+ = 0.57721566... (13.1.7.2) 


to an accuracy of eight decimal places. It is unknown whether 7 is rational 
or irrational. 


13.1.8 Formula for the Reciprocal of the Gamma Function 


For any z € C, 


Gy = ze? I (1 + =) oh] (13.1.8.1) 


j=l 


Weierstrass gave (13.1.8.1) as the definition of the gamma function. 


13.1.9 Convexity of the Gamma Function 


For x > 0, log I(x) is a convex function. 
13.1.10 The Bohr-Mollerup Theorem 


Suppose that ¢y : (0,00) — (0, 00) satisfies 


(13.1.10.1) log y(x) is convex; 

(13.1.10.2) yp(a+1)=2-y(x), all x>0; 

(13.1.10.3) y(1) = 1. | 

Then ¢(z) = I'(x). Thus (by analytic continuation) I is the only 
meromorphic function on C satisfying the functional equation 


z0'(z) = P(z+1),T(1) = 1, and which is logarithmically convex 
on the positive real axis. 


13.1.11 The Beta Function 


An auxiliary special function that is closely related to the gamma func- 
tion is the beta function 


1 
B(z,w) = | t4(1—t)’ dt, (1.1.1.1) 
0 


which is defined by this formula for Rez > 0, Rew > 0. 
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13.1.12 Symmetry of the Beta Function 


For any z,w with positive real parts, 


B(z,w) = B(u, 2). (13.1.12.1) 


13.1.13 Relation of the Beta Function to the Gamma 
Function 


For Rez > 0 and Rew > 0, 


Btesw) = RAP. as.131 


Note that this last identity provides an analytic continuation of B to all 
z,w such that z,w ¢ {0,—1, —2,...}. 


13.1.14 Integral Representation of the Beta Function 
For z,w ¢ {0, —1, —2,...}, 


n/2 
B(z,w) = 2 i (sin 9)**—1(cos 0)?” * dé. (13.1.14.1) 
0 


13.2 Riemann’s Zeta Function 
13.2.1 Definition of the Zeta Function 
For Rez > 1, define 


¢((z) = > — = Sens 6n (13.2.1.1) 


Clearly the series converges absolutely and uniformly on compact subsets 
of {z : Rez > 1}, since |n?| = n®®?. So ¢ is a holomorphic function on 
{z: Rez > 1}. Our primary task in this section is to learn how to continue 
the zeta function analytically to be a meromorphic function on C \ {1} and 
to learn something about the location of its zeros. 


13.2.2 The Euler Product Formula 


For motivational purposes, let us immediately establish the connection 
between ¢ and the collection of prime numbers. 
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Radius € 26 
PA 
a, 


FIGURE 13.1 
The Hankel contour. 


Let P = {2,3,5,7,11,...} = {p1,po,...} be the set of positive primes. 
For Rez > 1, the infinite product [],-p(1 — 1/p*) converges and 


oO =|] (: — =) . (13.2.2.1) 


13.2.3 Relation of the Zeta Function to the Gamma 
Function 


For Rez > 1, 


l1—e-t 


¢(z) = —— | ee at (13.2.3.1) 
0 


13.2.4 The Hankel Contour and Hankel Functions 
For z € C fixed, define the auxiliary function 


. (—w)*~te-¥ 
wr wr — (13.2.4.1) 
On the region C \ {w : Rew > 0}, this function is well-defined if we take 
—n < arg(—w) < am. Also define, for 0 < € # 2km, what are called the 


Hankel functions 
H,(z) -/ u(w) dw, | (13.2.4.2) 
C. 


where C, = C,(6) is the “Hankel contour” shown in Figure 13.1. Note that 
the contour is given the usual positive orientation. The linear portions of 
the contour are understood to lie just above and just below the real axis 
(at. distance 6 > 0 as shown). The circular portion is understood to have 
radius €. | 

Note that, for 0 < €; < €g < 27, H,.,(z) = H.,.(z) since the region (see 
Figure 13.2) bounded by C,,,C,, contains no poles of u. 
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FIGURE 13.2 
The region bounded by C.,,C.<, contains no poles of u. 


13.2.5 Expression of the Zeta Function as a Hankel 
Integral 


For 0 < « < 27 and Rez > 1 we have 


—H,(z) 


As a result, ¢ continues analytically to C \ {1}. 


13.2.6 Location of the Pole of the Zeta Function 


The zeta function has a simple pole at z = 1 with residue 1. It has no 
other pole. 


13.2.7 The Functional Equation 


The following fact (the functional equation) provides more explicit infor- 
mation about the continuation of ¢ to C \ {1}. 


For all z € C, 


C(1 — z) = 2¢(z)T'(z) cos (Fz) (Qn). (13.2.7.1) 


Observe that the functional equation gives us an explicit way to extend 
the definition of the zeta function to all of C \ {1}, whereas before we only 
knew (§§13.2.5) that such a continuation existed. The functional equation 
is a sort of reflection formula, giving the values to the left of Rez = 1 in 
terms of those to the right. 
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13.2.8 Zeros of the Zeta Function 


The Euler product formula tells us that, for Rez > 1,¢€(z) does not 
vanish. Since I never vanishes, the functional equation thus says that 
¢(1 — z) can vanish for Rez > 1 only at the zeros of cos((7/2)z), that is 
only at z =3,5,... Thus we can establish the following. 

The only zeros of ¢ not in the set {z : 0 < Rez < 1} are at —2, —4, —6,.... 


13.2.9 The Riemann Hypothesis 


Since all the zeros of ¢ except those at —2,—4,—6,... are in the strip 
{z:0< Rez < 1}, questions about the zeros of ¢ focus attention on this 
strip. People have consequently, over the years, taken to calling this the 
critical strip. 

It is known that the zeta function does not vanish on {z : Rez = 1} nor 
on {z : Rez = 0} and that it has infinitely many zeros in the interior of the 
critical strip (this last is a theorem of Hardy). The celebrated Riemann 
Hypothesis is the conjecture that all the zeros of ¢ in the critical strip 
actually lie on the line {z : Rez = 1/2}. The interested reader can refer to 
[EDW] for further information about this important unsolved problem. In 
this section we shall only discuss the non-vanishing of ¢ on the boundary of 
the strip. In order to achieve this goal, we must bring the prime numbers 
P into play. 


13.2.10 The Lambda Function 


Define the function 


A:{neEZ:n>0}—-R (13.2.10.1) 
by the condition 
_ flogpifm=p*,pEP,0<keEZ 
A(m) = {0 otherwise. (13.2.10.2) 


13.2.11 Relation of the Zeta Function to the Lambda 
Function 


For Rez > 1, 


_/,l 
S> A(nje* 18" = mac) (13.2.11.1) 
= ¢(z) 

Equation (13.2.11.1) tells us about the behavior of ¢ to the right of {z : 
Rez = 1} while we actually need information on the line {z : Rez = 1}. 
The next result, in contrapositive form, is our device for obtaining this 
information. 
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13.2.12 More on the Zeros of the Zeta Function 


If y is holomorphic in a neighborhood of P € R, if y not identically zero, 
and if y(P) = 0, then 
g'(z) 
y(z) 
for z € R near P and to the right of P. This information is important when 
the location of the zeros of ¢ is being studied. 


Re 


>0 (13.2.12.1) 


13.2.13 Zeros of the Zeta Function and the Boundary of 
the Critical Strip 


The Riemann zeta function has no zero on the boundary of the critical 
strip. 


13.3. Some Counting Functions and a Few Technical 
Lemmas 


13.3.1 The Counting Functions of Classical Number 
Theory 


In this section we define one of the counting functions of classical number 
theory. Traditionally, it is studied by way of Riemann’s zeta function. 


13.3.2 The Function 7 
If x > 0, we let 


n(x) = the number of prime numbers not exceeding 2. (13.3.2.1) 


The prime number theorem is a statement about the growth of z(zx) as 
L — OO. 


13.3.3 The Prime Number Theorem 


The prime number theorem states that 


_ W(x) 
Jim (z/log2) ~ 1. (13.3.3.1) 


Chapter 14 


Applications that Depend on 
Conformal Mapping 


14.1 Conformal Mapping 
14.1.1 A List of Useful Conformal Mappings 


Part of the utility of conformal mappings is that they can be used to 
transform a problem on a given domain V to another domain U (see also 
§§6.1.1). Often we take U to be a standard domain such as the disc 


D=i{27EC #2) < Tt} (14.1.1.1) 
or the upper half plane 
U ={zeEC:Imz>0}. (14.1.1.2) 


Particularly in the study of partial differential equations, it is important 
to have an explicit conformal mapping between the two domains. In the 
Appendix to this chapter we give a compendium of conformal mappings of 
some of the most frequently encountered planar regions. 


The reader will find that, even in cases where the precise mapping that he 
seeks has not been listed, he can (much as with a table of integrals) combine 
several of the given mappings to produce the results that he seeks. It is also 
the case that the techniques presented can be modified to suit a variety of 
different situations. 


The references [KOB] and [CCP] give more comprehensive lists of con- 
formal mappings. 


&. G. Krantz, andbook of Complex Variables 


(GC) GAA aA RAIAR AS Riven Bee NA AAS Nig Vazel Prooc 
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14.2 Application of Conformal Mapping to the 
Dirichlet Problem 


14.2.1 The Dirichlet Problem 


Let 2 C C be a domain whose boundary consists of finitely many smooth 
curves. The Dirichlet problem (see §7.3, §7.7, §7.8), which is a mathematical 
problem of interest in its own right, is the boundary value problem 


Au = 0 on 9) 
u=f onan. (14.2.1.1) 


The way to think about this problem is as follows: a data function f on 
the boundary of the domain is given. To solve the corresponding Dirichlet 
problem, one seeks a harmonic function u on the closure of U (i.e., the union 
of U and its boundary) such that u agrees with f on the boundary. We shall 
now describe three distinct physical situations that are mathematically 
modeled by the Dirichlet problem. — 


14.2.2 Physical Motivation for the Dirichlet Problem 


I. Heat Diffusion: Imagine that 2 is a thin plate of heat-conducting 
metal. The shape of (2 is arbitrary (not necessarily a rectangle). See 
Figure 14.1. A function u(z,y) describes the temperature at each point 
(x,y) in Q. It is a standard situation in engineering or physics to consider 
idealized heat sources or sinks that maintain specified (fixed) values of u 
on certain parts of the boundary; other parts of the boundary are to be 
thermally insulated. One wants to find the steady state heat distribution 
on 2 that is determined by the given boundary conditions. If we let f 
denote the temperature specified on the boundary, then it turns out the 
solution of the Dirichlet problem (14.2.1.1) is the function that describes 
the heat distribution (see [COH], [KRA4], [BCH, p.300] and references 
therein for a derivation of this mathematical model for heat distribution). 

We will present below some specific examples of heat diffusion problems 
that illustrate the mathematical model that we have discussed here, and 
we will show how conformal mapping can be used in aid of the solutions of 
the problems. | 


II. Electrostatic Potential: Now we describe a situation in electrostatics 
that is modeled by the boundary value problem (14.2.1.1). 

Imagine a long, hollow cylinder made of a thin sheet of some conducting 
material, such as copper. Split the cylinder lengthwise into two equal pieces 
(Figure 14.2). Separate the two pieces with strips of insulating material 
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+F 
FIGURE 14.1 
Heat distribution on the edge of a metal plate. 
Y 
Xx Z 
FIGURE 14.2 


Electrostatic potential illustrated with a split cylinder. 


(Figure 14.3). Now ground the upper of the two semi-cylindrical pieces 
to potential zero, and keep the lower piece at some non-zero fixed poten- 
tial. For simplicity in the present discussion, let us say that this last fixed 
potential is 1. 

Note that, in the figures, the axis of the cylinder is the z-axis. Consider 
a slice of this cylindrical picture which is taken by setting z equal to a small 
constant (we want to stay away from the ends of the cylinder, where the 
analysis will be a bit different). 

Once we have fixed a value of z, then we may study the electrostatic 
potential V(x, y), 27 -+y? <1, at a point inside the cylinder. Observe that 
V =0 on the “upper” half of the circle (y > 0) and V = 1 on the “lower” 
half of the circle (y < 0)—-see Figure 14.4. Physical analysis (see [BCH, 
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FIGURE 14.3 
The cylindrical halves separated with insulating material. 


FIGURE 14.4 
Distribution of the electrostatic potential. 


p. 310]) shows that this is another Dirichlet problem, as in (14.2.1.1). We 
wish to find a harmonic function V on the disc {(z, y) : x? +y? < 1} which 
agrees with the given potentials on the boundary. 

Conformal mapping can be used as an aid in solving the problem posed 
here, and we shall discuss its solution below. 


III. Incompressible Fluid Flow: For the mathematical model consid- 
ered here, we consider a two-dimensional flow of a fluid that is 

e incompressible 

e irrotational 


e free from viscosity 
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The first of these stipulations means that the fluid is of constant density, 
the second means that the curl is zero, and the third means that the fluid 
flows freely. 

Identifying a point (a,b) in the x - y plane with the complex number 
a+b as usual, we let 


V(z,y) = p(x, y) + ig(a, y) (14.2.2.1) 


represent the velocity vector of our fluid flow at a point (x,y). We assume 
that the fluid flow has no sources or sinks; and we hypothesize that p and 
q are C', or once continuously differentiable (see §§1.3.1). 

The circulation of the fluid along any curve 7 is the line integral 


/ Vr(a, y) do. (14.2.2.2) 
, 


Here Vr represents the tangential component of the velocity along the 
curve y and o denotes arc length. We know from advanced calculus that 
the circulation can be written 


[ren da + | (cy) dy. (14.2.2.3) 


Y 


We assume here that y is a positively (counterclockwise) oriented simple, 
closed curve that lies in a simply connected region D of the flow. 

Now Green’s theorem allows us to rewrite this last expression for the 
circulation as 


/ [gz (x,y) — py(x,y)] dA. (14.2.2.4) 
R 


Here the subscripts x and y represent partial derivatives, R is the region 
surrounded by 7, and dA is the element of area. In summary 


[ Voleuyde = [ftaole.y) — pyle) aa, (14.2.2.5) 
7 R 


Let us specialize to the case that + is a circle of radius r with center 
Po = (Xo, yo). Then the mean angular speed of the flow along 7 is 


1 
nr? 


/ / slae(.u)—py(ewidd. = (14.2.2.6) 
R 


This expression also happens to represent the average of the function 


w(t,y) = = [ae(= y) — py(z, y)| (14.2.2.7) 
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over R. Since w is continuous, the limit as r — 0 of (14.2.2.6) is just w(po). 
It is appropriate to call w the rotation of the fluid, since it is the limit at 
the point po of the angular speed of a circular element of the fluid at the 
point po. Since our fluid is irrotational, we set w = 0. Thus we know that 


Py = Qe (14.2.2.8) 


in the region D where the flow takes place. Multi-dimensional calculus 
then tells us that the flow is path-independent: If X = (z,y) is any point 
in the region and ¥ is any path joining po to X, then the integral 


[vs ds+ f a(s,t) dt (14.2.2.9) 


¥Y . 


is independent of the choice of 7. As a result, the function 


x 
y(z,y) = / p(s, t) ds + q(s, t) dt (14.2.2.10) 


0 


is well-defined on D. Differentiating the equation that defines y, we find 
that 


6] O 
ap P(tsy) =P(z.y) and — By Ptr) = a> 9). (14.2.2.11) 


We call y a potential function for the flow. To summarize, we know that 
Vy = (p,q). 

The natural physical requirement that the incompressible fluid enter or 
leave an element of volume only by flowing through the boundary of that 
element (no sources or sinks) entails the mathematical condition that yp be 
harmonic. Thus 


Yoo + Pyy = 0 (14.2.2.12) 


on D. In conclusion, studying a fluid flow with specified boundary data 
will entail solving the boundary value problem (14.2.1.1). 


eee 


14.3. Physical Examples Solved by Means of 
Conformal Mapping 


In this section we give a concrete illustration of the solution of each of 
the physical problems described in the last section. 
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Z - plane 


FIGURE 14.5 
A lens-shaped piece of heat-conducting metal. 


14.3.1 Steady State Heat Distribution on a Lens-Shaped 
Region 


EXAMPLE 14.3.1.1 Imagine a lens-shaped piece of heat-conducting 
metal as in Figure 14.5. Suppose that the initial distribution of heat is 
specified to be 1 on the lower boundary of the lens and 0 on the upper 
boundary of the lens (as illustrated in the figure). Determine the steady 
state heat distribution. 

Solution: Our strategy is to use a conformal mapping to transfer the 
problem to a new domain on which it is easier to work. We let z = x + iy 
denote the variable in the lens-shaped region and w = u + iv denote the 
variable in the new region (which will be an angular region). 

In fact let us construct the conformal mapping with our bare hands. If 
we arrange for the mapping to be linear fractional and to send the origin 
to the origin and the point —1 + to infinity, then (since linear fractional 
transformations send lines and circles to lines and circles), the images of 
the two circular arcs will both be lines. Let us in fact examine the mapping 


=e. 


gee (14 1) (14.3.1.1.1) 


w = f(z) = 


(The minus sign in the numerator is introduced for convenience.) 

We see that f(0) = 0, f(27) = —1 —1, and f(—2) = -1+%. Using 
conformality (preservation of right angles), we conclude that the image 
of the lens-shaped region in the z-plane is the angular region in the w- 
plane depicted in Figure 14.6. The figure also shows on which part of the 
boundary the function we seek is to have value 0 and on which part it is 
to have value 1. It is easy to write down a harmonic function of the w 
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w - plane 


FIGURE 14.6 


The angular region in the w-plane that is the image of the lens-shaped region 
in the z-plane. 


variable that satisfies the required boundary conditions: 
2 
p(w) = = (argw + =] (14.3.1.1.2) 


will certainly do the job if we demand that —7 < argw < 7. But then the 
function 
u(z) = po f(z) (14.3.1.1.3) 


is a harmonic function on the lens-shaped domain in the z-plane that has 
the requisite boundary values (we use of course the fact that the composi- 
tion of a harmonic function with a holomorphic function is still harmonic). 

In other words, the solution to the problem originally posed on the lens- 
shaped domain in the z-plane is 


2 —Z 1 
= —_______ ~, 14.3.1.1.4 
u(z) - are (=) +5 ( ) 
This can also be written as 
2 4 —y-2 1 

ey a | 14.3.1.1. 
w= Fete |Seygen| te ata 
0 


14.3.2 Electrostatics on a Disc 


EXAMPLE 14.3.2.1 We now analyze the problem that was set up in 
part II of §§14.2.2. We do so by conformally mapping the unit disc (in the 
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Z - plane w - plane 


FIGURE 14.7 
Conformal map of the disc to the upper half-plane. 


z plane) to the upper half plane (in the w plane) by way of the mapping 


1l-z 


a AC ae are, 


(14.3.2.1.1) 


See Figure 14.7. Observe that this conformal mapping takes the upper half 
of the unit circle to the positive real axis, the lower half of the unit circle 
to the negative real axis, and the point 1 to the origin. 

Thus we are led to consider the following boundary value problem on 
the upper half plane in the w variable: we seek a harmonic function on 
the upper half plane with boundary value 0 on the positive real axis and 
boundary value 1 on the negative real axis. Certainly the function 


1 
p(w) = ~ arg w (14.3.2.1.2) 


does the job, if we assume that 0 < argw < 27. We pull this solution back 
to the disc by way of the mapping f: 


u=wof. (14.3.2.1.3) 


This function u is harmonic on the unit disc, has boundary value 0 on the 
upper half of the circle, and boundary value 1 on the lower half of the circle. 
Our solution may be written more explicitly as 


1 [= 
u(z) = ~ arg f ae | (14.3.2.1.4) 


Or aS 1 9 9 
u(z) = — tan“ 58] (14.3.2.1.5) 
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Of course for this last form of the solution to make sense, we must take 
0 < arctant < 7 and we must note that 


limarctant=0 and lim arctant = 7. (14.3.2.1.6) 
t>0 t<0O 


CO 


14.3.3. Incompressible Fluid Flow around a Post 


EXAMPLE 14.3.3.1 We study the classic problem of the flow of an 
incompressible fluid around a cylindrical post. 
Recall the potential function y from the end of the discussion in III of 
§§14.2.2. If 
V=p+iq (14.3.3.1.1) 


is the-welocity vector, then we may write 
V = pz + ivy = grady. (14.3.3.1.2) 


Since y is harmonic, we may select a conjugate harmonic function w (see 
§§1.4.2) for y. Because of the Cauchy-Riemann equations, the velocity 
vector will be tangent to any curve w(x, y) = constant. The function w is 
called the stream function for the flow. The curves w(x, y) = constant are 
called streamlines of the fluid flow. We call the holomorphic function 


A(x +iy) = (2, y) + iv(z, y) (14.3.3.1.3) 


the complex potential of the fluid flow. 
Using the Cauchy-Riemann equations twice, we can write H’(z) as 


H'(z) = P2(z,y) + iW2(Z, y) (14.3.3.1.4) 


H'(z) = pz (x,y) — ty (2, y). (14.3.3.1.5) 


Thus formula (14.3.3.1.2) for the velocity becomes 


V =H"). (14.3.3.1.6) 
As a result, 
speed = |V| = |H’(z)| = |H’(z)|. (14.3.3.1.7) 


The analysis we have just described means that, in order to solve an incom- 
pressible fluid flow problem, we need to find the complex potential function 
H. 
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FIGURE 14.8 | 
Incompressible fluid flow with a circular obstacle. 


Now consider an incompressible fluid flow with a circular obstacle as 
depicted in Figure 14.8. The flow is from left to right. Far away from the 
obstacle, the flow is very nearly along horizontal lines parallel to the x-axis. 
But near to the obstacle the flow will be diverted. Our job is to determine 
analytically just how that diversion takes place. 

We consider the circular obstacle to be given by the equation 27+ y? = 1. 
Elementary symmetry considerations allow us to restrict attention to the 
flow in the upper half-plane. See Figure 14.9. 

The boundary of the region W of the flow (Figure 14.9) is mapped to 
the boundary of the upper half plane U in the w variable (this boundary 
is just the u-axis) by the conformal mapping 


w = f(z) =24 -. (14.3.3.1.8) 


And the region itself (shaded in Figure 14.10) is mapped to the upper half 


plane in the w variable. The complex potential for a uniform flow in the 
upper half plane of the w variable is 


G(w) = Aw, (14.3.3.1.9) 


where A is a positive constant. Composing this potential with the mapping 
f, we find that the corresponding potential on W is 


1 
H(z) =Gof(z)=A- (< + *) ; (14.3.3.1.10) 
The velocity [referring to equation (14.3.3.1.6)] is then 


V=H(z)=A (: — 2) . (14.3.3.1.11) 
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FIGURE 14.9 
Restriction of attention to the flow in the upper half-plane. 


FIGURE 14.10 
Conformal map of the region of the flow to the upper half-plane. 
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Note that V approaches A as |z| increases monotonically to infinity. We 
conclude that the flow is almost uniform, and parallel to the z-axis, at 
points that are far from the circular obstacle. Finally observe that V(Z) = 
V(z), so that, by symmetry, formula (14.3.3.11) also represents the velocity 
of the flow in the lower half-plane. 

According to equation (14.3.3.1.3), the stream function for our problem, 
written in polar coordinates, is just the imaginary part of H, or 


w=A ¢ — *) sin 0. (14.3.3.1.12) 


The streamlines 


A ¢ — *) sind =C (14.3.3.1.13) 


are symmetric to the y-axis and have asymptotes parallel to the z-axis. 
When C' = 0, then the streamline consists of the circle r = 1 and the parts 
of the x axis that lie outside the unit circle. O 


UUM 


14.4 Numerical Techniques of Conformal Mapping 


In practical applications, computer techniques for calculating conformal 
mappings have proved to be decisive. For instance, it is a standard tech- 
nique to conformally map the complement of an airfoil (Figure 14.11) to 
the complement of a circle in order to study a boundary value problem on 
the complement. Of course the boundary of the airfoil is not given by any 
standard geometric curve (circle, parabola, ellipse, etc.), and the only hope 
of getting accurate information about the conformal mapping is by means 
of numerical analysis. 

The literature on numerical techniques of conformal mapping is exten- 
sive. The reference [KYT] is a gateway to some of the standard references. 
Here we present only a brief sketch of some of the ideas. 


14.4.1 Numerical Approximation of the 
Schwarz-Christoffel Mapping 


Let P be a polygon in the complex plane with vertices w1,...,w,. We 
wish to conformally map, by way of a mapping g, the upper half plane U 
to the interior of P—see Figure 14.12. The vertices w1,...,wn— 1 in the 
boundary P will have pre-images z1,...,2%,— 1 under g in OU. These latter 
points are called pre-vertices. It is standard to take too € OU to be the 
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FIGURE 14.11 
An airfoil. 


pre-images of the last vertex wp. Recall that, associated to each corner w;, 
we have a “right-turn angle” 0;. See Figure 14.13. 

A conformal self-map of the unit disc is completely determined once 
the images of three boundary points are known. Since the disc and the 
upper half plane are conformally equivalent by way of the Cayley transform 
(§86.3.5, 6.3.7, 12.2.2), it follows that, in specifying the Schwarz-Christoffel 
map, we may select three of the z,’s arbitrarily. 

We will take x; = —1,z22 = 0, and z, = +00. It remains to determine 
the other n — 3 vertices (which may not be freely chosen). The Schwarz- 
Christoffel map has the form 


Ag dc +B (14.4.1.1) 


(see Figure 14.26). The choice of A will determine the size of the image 
and the choice of B will determine the position. Thus we need to choose 
L3,...,Ln—1 SO that the image mapping has the right shape. 

Specifying that the image of the Schwarz-Christoffel map g has the pre- 
specified shape (that is, the shape of P) is equivalent to demanding that 


lg(x5) — g(aj-1)| _ |wy — wy-1 
\g(2) — g(21)| |w2 — w3| 


The theory of Schwarz-Christoffel guarantees that the angles in the image 
will be correct, and the n — 3 equations (14.4.1.2) force n — 2 of the side 
lengths to have the correct proportions. With a little planar geometry, one 
sees that this information in turn completely determines the shape of the 
image of the mapping g. 

Finding the correct pre-vertices for a Schwarz-Christoffel mapping prob- 
lem is called the Schwarz-Christoffel parameter problem. The problem is 


j=3,4,...,.n-1. (14.4.1.2) 
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FIGURE 14.12 
Mapping the upper half-plane to a polygonal region. 


FIGURE 14.13 
Vertices, pre-vertices, and right-turn angles. 
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resolved by solving the constrained system (14.4.1.2) of n — 3 nonlinear 
equations. The constraint is that 0 < 43 < @4 < +++ < 2Yn_-1 < O. 
Unfortunately, standard numerical solution techniques (such as Newton’s 
method and its variants) do not allow for constraints such as these. We 
can eliminate the constraint with a change of variable: Set 


= log(z; — 2;-1) , 4=3,4,...,n—-1. (14.4.1.3) 


The £;’s are arbitrary real numbers, with no constraints. The new sys- 
tem, expressed in terms of the variables 73, %4,...,2%n—1, can be solved 
using a suitable version of Newton’s method. The necessary algorithm is 
available as part of MATLAB, Mathematica, and also on most large scien- 
tific computer installations. 

Once we have solved the Schwarz-Christoffel parameter problem, then 
we wish to calculate the actual conformal map. This entails calculating 
the Schwarz-Christoffel integral 


aC — v1 )91/™ (¢ _ r2)9/™ tae (C _ Ln—1)°r- 1/7 dc. (14.4.1.4) 


Even when P is a very simple polygon such as a triangle, we cannot expect 
to evaluate the integral (14.4.1.4) by hand. There are well-known numer- 


ical techniques for evaluating an integral I. y(t) dt. Let us describe three 
of them: Fix a partition a = to < ti < +--+ < t, = 5 of the interval of 
integration, which is such that each interval in the partition has the same 
length. Let At = (b — a)/k denote that common length. 


I. The Midpoint Rule Set p; =a+ (j —1/2)At, j =1,...,k. Then 


k 
[ov (t) dt = d#( (p;)At. (14.4.1.5) 


If y is smooth, then the error in this calculation is of size k~?. 


II. The Trapezoid Rule In this methodology we take the points p; at 
which y is evaluated to be the interval endpoints. We have 


b 
At 
/ p(t) dt ~ > [p(to) + 2p(t1) + Alta) +--+ + Apter) + Ylte)] - 
. (14.4.1.6) 
If y is smooth, then the error in this calculation is of size k~°. 
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III. Simpson’s Rule In this methodology we use both the interval 
endpoints and the midpoints. We have 


b 
[ ectyat = FEY otto) + o(tn) + 2[elts) + lta) 


+4 lo a) feet o( ey) \ (14.4.3.7) 


If ~ is smooth, then the error in this calculation is of size k~*. 


More sophisticated techniques, such as the Newton-Cotes formulas and 
Gaussian quadrature give even more accurate approximations. 

Unfortunately, the integrand in the Schwarz-Christoffel integral has sin- 
gularities at the pre-vertices z;. Thus we must use a variant of the above- 
described numerical integration techniques with the partition points and 
with weights chosen so as to compensate for the singularities. These ideas 
are encapsulated in the method of Gauss-Jacobi quadrature. 

Finally, it is often the case that the pre-vertices are very close together. 
This extreme proximity can work against the compensating properties of 
Gauss-Jacobi quadrature. The method of compound Gauss-Jacobi quadra- 
ture mandates that difficult intervals be heavily subdivided near the end- 
points. This method results in a successful calculation of the Schwarz- 
Christoffel mapping. 


14.4.2 Numerical Approximation to a Mapping onto a 
Smooth Domain 


One can construct a numerical approximation to a conformal mapping of 
the upper half-plane U onto a smoothly bounded domain 2 with boundary 
curve C’ by thinking of C’ as a polygon with infinitely many corners wy, 
each with infinitesimal turning angle 6,. 

From the Schwarz-Christoffel formula for the mapping g that we dis- 
cussed in §§14.4.1, we know that 


gl (2) = Ale — a1) (2 ~ 2)!" (2 — ya)? 
1 n—-1 
—A = ; _ p. 
exp | — 7 log(z — z;) 
j=1 
(14.4.2.1) 


As n — +00, it is natural to think of the sum as converging to an integral. 
So we have derived the formula 


g'(z) = Aexp E [ 6(x) log(z — x) dz] . (14.4.2.2) 
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Here @ is a function that describes the turning of the curve C’ per unit 
length along the z-axis. Integrating, we find that 


g(z) = af exp E [- 6(x) log(z — x) dzx| + B. (14.4.2.3) 


Of course the discussion here has only been a sketch of some of the key 
ideas associated with numerical conformal mapping. The reference [SASN, 
pp. 430-443] gives a more discursive discussion, with detailed examples. 
The reference [SASN] also offers a further guide to the literature. 
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Appendix to Chapter 14 


A Pictorial Catalog 
of Conformal Maps 


Here we present a graphical compendium of commonly used conformal 
mappings. Most of the mappings that we present here are given by explicit 
formulas, and are also represented in figures. Wherever possible, we also 
provide the inverse of the mapping. 

In each case, the domain of the mapping is the z-plane, with x + iy = 
z€C. And the range of the mapping is the w-plane, with u+iv = w € C. 
In some examples, it is appropriate to label special points a,b,c,... in the 
domain of the mapping and then to specify their image points A, B,C,... 
in the range. In other words, if the mapping is called f, then f(a) = A, 
f(b) =B, fle) =C, ete. 

All of the mappings presented here map the shaded region in the z-plane 
onto the shaded region in the w-plane. Most of the mappings are one-to- 
one (i.e., they do not map two distinct points in the domain of the mapping 
to the same point in the range of the mapping). In a few cases the mapping 
is not one-to-one; these few examples will be clear from context. 

In the majority of these examples, the mapping is given by an explicit 
formula. In a few cases, such as the Schwarz-Christoffel mapping, the map- 
ping is given by a semi-explicit integral. In one example (Figure 14.25), the 
mapping is given by an elliptic integral. Such integrals cannot be evaluated 
in closed form. But they can be calculated to any degree of accuracy us- 
ing methods of numerical integration. Section 14.4 will also provide some 
information about numerical techniques of conformal mapping. The book 
[KOB] gives an extensive listing of explicit conformal mappings; see also 
[CCP]. The book [NEH] is a classic treatise on the theory of conformal 
mappings. 


182 Chapter 14. Applications and Conformal Mapping 


Z - plane w - plane 


FIGURE 14.14 


(top) Map of the disc to its complement; (middle) Map of the disc to the 
disc; (bottom) Map of the upper half-disc to the-first quadrant. 
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w - plane 


The Cayley | 
| transform | 


w = [e@z]**2 


7=e7'w Zalx 


FIGURE 14.15 


rere The Cayley transform: A map of the disc to the upper half-plane; 
middle) Map of a cone to a half-strip; (bottom) Map of a cone to the 
upper half-plane. 
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z- plane Ww - plane 


a tanh(z/2) 
z = 2 tanh-'(-w) 


W=vsinz 
z=sin'(w?) 


—n/2 r/2 W=sinz 


FIGURE 14.16 
top) Map of a strip to the disc; (middle) Map of a half-strip to the disc; 
bottom) Map of a half-strip to the upper half-plane. 
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Z - plane Ww - plane 


FIGURE 14.17 


(top) Map of the disc to a strip; (middle) Map of an annular sector to 


the interior of a rectangle; (bottom) Map of a half-annulus to the interior 
of a half-ellipse. 
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w - plane 


ivVz2—1  sin-'z 1 
W = ———_ + —— + - 
it i 9 


W=expzZz 
z=logw 


FIGURE 14.18 
(top) Map of the upper half-plane to a 3/4-plane; (middle) Map of a strip 
to an annulus; (bottom) Map of a strip to the upper half-plane. 
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z - plane w - plane 


4 = 1+ cd + y(c* -— 1)(d? - 1) 
7 c+d 


FIGURE 14.19 


(top) Map of a disc to a quadrant; (middle) Map of the complement of 


two discs to an annulus; (bottom) Map of the interior of a rectangle to a 
half-annulus. 
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w - plane 


nie 


FIGURE 14.20 
top) Map of a half-disc to a strip; (middle) Map of a disc to a strip; 
bottom) Map of the inside of a parabola to a disc. 
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_z*-c*+2cz 

 g2¢2~2¢7 

_c+ewty2c v1 +w? 1+w2 
w-1 


FIGURE 14.21 


(top) Map of a half-disc to a disc; (middle) Map of the slotted upper 
half-plane to upper half-plane; (bottom) Map of the double-sliced plane to 
the upper half-plane. 
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z - plane Ww - plane 


W=sinz 
z=sin-'w 


Sis a 
1-2 
yw 2a — 7 


wr2as 4 


ar (a — fz) 
W=a-— 
a(r — az) 


arw 


ar? + lal?w — alal@ 


FIGURE 14.22 


(top) Map of a strip to the double-sliced plane; aaa Map of the disc 
to a cone; (bottom) Map of a disc to the complement of a disc. 
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Zz - plane w - plane 


n/2 


w=vsinz 


z = sin-'(w“) 


w=-2(sin'z+z 1-22) 


FIGURE 14.23 

(top) Map of a half-strip to a half-quadrant; (middle) Map of the upper 
half-plane to a right-angle region; (bottom) Map of the upper half-plane 
to the plane less a half-strip. 
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Zz - plane w - plane 


A; 
=—+2 
p p 


w= 2\al|1 + cos(@ — @,)| 
ws ___cardioid 


FIGURE 14.24 


(top) Map of a disc to the complement of an ellipse; (middle) Map of a 
disc to the interior of a cardioid; (bottom) Map of a disc to the region 
outside a parabola. 
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2 sin-'w 


w= [crc —C)* "dl 


FIGURE 14.25 


(top) Map of the disc to the slotted plane; (middle) Map of the upper half- 
plane to the interior of a triangle; (bottom) Map of the upper half-plane 
to the interior of a rectangle. 
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Zz - plane 


X3 Xa Ms | Me OX 


Only three of these points can | 
be chosen atrandom.The rest | 
are determined by the “geometry 
of P” 


w = f(z) = al (6 — x)? (C= x.) (C= xa)" + B 
0 


f(X,) = W;; f (Xp) = Wa, °"'s f(x,,) = Wr 


FIGURE 14.26 
The Schwarz-Christoffel formula. 


Chapter 15 


Transform Theory 


15.0 Introductory Remarks 


This chapter will sketch some connections of Fourier series, the Fourier 
transform, and the Laplace transform with the theory of complex variables. 
This will not be a tutorial in any of these three techniques. The reader who 
desires background should consult the delightful texts [DYM] or [KAT]. 

The idea of Fourier series or Fourier transforms is to take a function f 
that one wishes to analyze and to assign to f a new function f that contains 
information about the frequencies that are built into the function f. As 
such, the Fourier theory is a real variable theory. But complex variables 
can come to our aid in the calculation of, and also in the analysis of, f. It 
is that circle of ideas that will be explained in the present chapter. 


ne 


15.1 Fourier Series 
15.1.1 Basic Definitions 


Fourier series takes place on the interval [0,27). We think of the end- 
points of this interval as being identified, so that geometrically our analysis 
is taking place on a circle (Figure 15.1). If f is an integrable function on 
(0, 27), then we define 


a 1 2 . 
f(in)=— f(t}e"™ dt. (15.1.1.1) 
27 
The Fourier series of f is the formal expression 
©. @) 
Sf(t)~ So finje™. (15.1.1.2) 
=—00 
S. G. Krantz, Handbook of Complex Variables 
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FIGURE 15.1 
Identification of the interval with the circle. 


We call this a “formal expression” because we do not know a priori whether 
this series converges in any sense, and if it does converge, whether its limit 
is the original function f. 

There is a highly developed theory of the convergence of Fourier series, 
but this is not the proper context in which to describe those results. Let 
us simply formulate one of the most transparent and useful theorems. 

The partial sums of the Fourier series Sf are defined to be 


N 
Svft)= S> fine. (15.1.1.3) 


n=—N 


We say that the Fourier series converges to the function f at the point t if 
lim Sy f(t) = f(t). (15.1.1.4) 
N-0o 


Theorem: Let f be an integrable function on (0,27). If to 
is a point of differentiability of f, then the Fourier series Sf 
converges to f at to. 


Many functions that we encounter in practice are piecewise differentiable, 
so this is a theorem that is straightforward to apply. In fact, if f is con- 
tinuously differentiable on a compact interval J, then the Fourier series 
converges absolutely and uniformly to the original function f. In this re- 
spect Fourier series are much more attractive than Taylor series; for the 
Taylor series of even a C'® function f typically does not converge, and even 
when it does converge, it typically does not converge to f. 


15.1.2 A Remark on Intervals of Arbitrary Length 


It is sometimes convenient to let the interval [—7,7] be the setting for 
our study of Fourier series. Since we think of the function f as being 
2n-periodic, this results in no change in the notation or in the theory. 
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In applications, one often wants to do Fourier series analysis on an in- 
terval [—L/2, L/2]. In this setting the notation is adjusted as follows: For 
a function f that is integrable on [—L/2, L/2], we define 


fny-i [” the P27 /" at 15.1.2.1 
fim => [fe (15.1.2.1) 


and set the Fourier series of f equal to 


ie) 


Sf(t)~ S > flnjemn/?. (15.1.2.2) 


—OOoO 


We shall say no more about Fourier analysis on [—L/2, L/2] at this time. 


15.1.3 Calculating Fourier Coefficients 


The key to using complex analysis for the purpose of computing Fourier 
series is to note that, when n > 0, the function y,(t) = e’™ is the “bound- 
ary function” of the holomorphic function z”. What does this mean? 

We identify the interval [0,27) with the unit circle S in the complex 
plane by way of the map 


M : (0,27) — S 
tr eM, (15.1.3.1) 


Of course, the circle S is the boundary of the unit disc D. If we let z 
be a complex variable, then, when |z| = 1, we know that z has the form 
z = e” for some real number t between 0 and 27. Thus the holomorphic 
(analytic) function z”, n > 0, takes the value (e*“)” = e’”* on the circle. 
By the same token, when n < 0, then the meromorphic function z” takes 
the value (e**)” = e*** on the circle. In this way we associate, in a formal 
fashion, the meromorphic function 


F(z) = > fl(n)z” (15.1.3.2) 
with the Fourier series 
St(t)~ S> fine. (15.1.3.3) 


This association is computationally useful, as the next example shows. 
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15.1.4 Calculating Fourier Coefficients Using 
Complex Analysis 


Let us calculate the Fourier coefficients of the function f(t) = e7#5in+ 
using complex variable theory. We first recall that 


; 1 it oa 
sint = 5 [e* —e~"]. (15.1.4.1) 


Thus, using the ideas from §§15.1.3, we associate to 2isint the analytic 


function 


1 
z-. (15.1.4.2) 


As a result, we associate to f the analytic function 


1 


F(z) =e?-/* =e*-e7* (15.1.4.3) 


But the function on the right is easy to expand in a series: 


—1 


F(z) =e’ -e’ 
oo gk oo (—1)*z-# 
— »s z| . » ad , (15.1.4.4) 
k=0 £=0 


By the theory of the Cauchy product of series (see [KRA2]), two convergent 
power series may be multiplied together in just the same way as two poly- 
nomials: we multiply term by term and then gather together the resulting 
terms with the same power of z. We therefore find that 


F(z) = Ss 2” ps STE , (15.1.4.5) 
n=—0o m=n 
In conclusion, we see that the Fourier series of our original function f is 
of ~ ° 
Sf(c)~ >> f(nje” (15.1.4.6) 
—-OO 
with 
~ — 1 (-1)" 
= — ————.. 15.1.4. 
Flo) = Yo ima (15.1.4.7) 


O 
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FIGURE 15.2 
Mathematical model of the disc. 


15.1.5 Steady State Heat Distribution 


The next example will harken back to our discussion of heat diffusion 
in §$14.2.2. But we will now use some ideas from Fourier series and from 
Laurent series. 


EXAMPLE 15.1.5.1 Suppose that a thin metal heat-conducting plate 
is in the shape of a round disc and has radius 1. Imagine that the upper 
half of the circular boundary of the plate is held at constant temperature 
10° and the lower half of the circular boundary is held at constant temper- 
ature 0°. Describe the steady state heat distribution on the entire plate. 


Solution: Model the disc with the interior of the unit circle in the complex 
plane (Figure 15.2). Identifying [0,27) with the unit circle as in §§15.1.3, 
we are led to consider the function 


1l0if0O<t<-a7 


F(t) = {6 oe (15.1.5.1.1) 
Then 
f(0) = : [ r0d+ : [ou=s (15.1.5.1.2) 
ler Jo Qn J, < 1.0.1. 
and, for n £ 0, 
F( y=5f[ 10 “mas A fo evint gy — 1 10 ft — 7 ] 
oe 0 ° 2m Sx Qin 
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As a result, 

—~ 1 10 “1 10 

~ J. lL pa innr] pint end __ jinn] pint 

Sf 5+ Doe — [1-e*}e + duos — [1-e"*] e 

“1 10 nn) int, tal 10 inn) 

=5+)is--— [1-e™ Je m+ baz line in |e” 
n=1 n=1 

= 5+ 2Re (>: +0 [1 — o)) ent (15.1.5.1.4) 

“4 20 mn 


Of course the expression in brackets is 0 when n is even. So we can rewrite 
our formula for the Fourier series as 


20 1 1 angst 
k=0 


This series is associated, just as we discussed in §§15.1.3, with the ana- 
lytic function 


20 im 1. ., | 
F(z) =5+ —Re -) } U(2k+1)t | 15.1.5.1. 
(z) 5+ —Re Sa (15.1.5.1.6) 
To sum the series 
— 1 2k+1 
1 wl. .7 e 
2 341" (15.1.5.1.7) 


we write it as 


> f ¢* d¢ = [ yo dé, (15.1.5.1.8) 
k=0 k=0 


where we have used the fact that integrals and convergent power series 


commute. But 1 
—= ltat+a’*+.-- (15.1.5.1.9) 


is a familiar power series expansion. Using this series with a = z? we find 
that 


io. @) 
1 ops [ 1 1, (l+z 
= =|] ; 15.1.5.1.1 
DL ETT" ) 1a = 38 \ Taz (15 9) 
Putting this information into (15.1.5.1.6) yields 


F(z) =5+ 1) Re E log (; *2)) 
1 1 1 — 


z 


1 
=5+ arg (; + =) | (15.1.5.1.11) 
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This function F(z) = F(re*’) is the harmonic function on the disc with 
boundary function f. It is therefore the solution to our heat diffusion prob- 
lem. oO 


15.1.6 The Derivative and Fourier Series 


Now we show how complex variables can be used to discover important 
formulas about Fourier coefficients. In this subsection we concentrate on 
the derivative. 

Let f be a C! function on (0,27). Assume that f(0) = lim,_,o,- f(t) 
and that f’(0) = lim;_,o,- f’(t), so that the values of f and its derivative 
match up at the endpoints. We want to consider how the Fourier series of 
f relates to the Fourier series of f’. We proceed formally. 

We write 


ft)~ So fine (15.1.6.1) 
n=—0oo 
and hence 
o° ~ 
F(z) = > (n)z”. (15.1.6.2) 
n=—0o 
A convergent power series may be differentiated termwise, so we have 
1. _ aF Oe nel 
F(z) = =-(2) = S> nf(n)z"}. (15.1.6.3) 
mu=-— CO 
But, with z = e**, we have 
dz _ at - jut 
Ho due Te = 


so the chain rule tells us that 


aF _aF dz 
dt dz dt 
oe o~ 
= > nf(n)z"~} - (iz) 
n=—0Oo 
0° o~ 
= > inf (n)z” 
Nn=—0Oo 
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We conclude that the Fourier series for f’(t) is 


Le, @) 


> inf (n)e™, (15.1.6.4) 


r= — CO 


and that the Fourier coefficients for f’(t) are 


o~ ~~ 


[f’'] = inf(n). (15.1.6.5) 


A eee 


15.2 The Fourier Transform 


The Fourier transform is the analogue on the real line of Fourier series 
coefficients for a function on [0, 27). For deep reasons (which are explained 
in [FOL]), the Fourier series on the bounded interval [0,27) must be re- 
placed by the continuous analogue of a sum, which is an integral. In this 
section we will learn what the Fourier transform is, and what the basic 
convergence question about the Fourier transform is. Then we will see 
how complex variable techniques may be used in the study of the Fourier 
transform. 


15.2.1 Basic Definitions 


The Fourier transform takes place on the real line R. If f is an integrable 
function on R, then we define 


Fle) = | slayer? ae (15.2.1.1) 


The variable ¢ is called the “space variable” and the variable € is, called the 
“Fourier transform variable” (or sometimes the “phase variable”). There 
are many variants of this definition. Some tracts replace —27it - € in the 
exponential with 27it -£. Others omit the factor of 27. We have chosen 
this particular definition because it simplifies certain basic formulas in the 
subject. The reader who wants to learn the full story of the theory of the 
Fourier transform should consult [FOL] or [STW). 

The Fourier transform f of an integrable function f enjoys the property 
that f is continuous and vanishes at infinity. However f need not be in- 
tegrable. In fact f can die arbitrarily slowly at infinity. This fact of life 
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necessitates extra care in formulating results about the Fourier transform 
and its inverse. 

Recall that we recover a function on (0,27) from its sequence of Fourier 
coefficients by calculating a sum. In the theory of the Fourier transform, we 
recover f from f by calculating an integral. Namely, if g is any integrable 
function on the real line R, then we define 


g(t) = / g(é)e*™"** dé. (15.2.1.2) 


The operation Y is called the inverse Fourier transform. 

It turns out that, whenever the integrals in question make sense, the 
operations Y and ~ are inverse to each other. More precisely, if f is a 
function on the real line such that 


e f is integrable, 
e f is integrable, 


then 
[fv =f (15.2.1.3) 


An easily verified hypothesis that will guarantee that both f and f are 
integrable is that f € C? and f, f’, f” be integrable. 


15.2.2 Some Fourier Transform Examples that Use 
Complex Variables 


EXAMPLE 15.2.2.1 Let us calculate the Fourier transform of the 


function ' 
Solution: The Fourier integral is 
~ a | . 
f(g) = / en mits dt, (15.2.2.1.2) 
_o ltt? 


We will evaluate the integral using the calculus of residues. 
For fixed € in R, we thus consider the meromorphic function 


en 2niz§ 


> 15.2.2.1. 
— (15.2.2.1.3) 


m(z) = 

which has poles at +2. 
For the case € > 0 it is convenient to use as contour of integration the 
positively oriented semicircle yg of radius R > 1 in the lower half-plane 


204 Chapter 15. Transform Theory 


FIGURE 15.3 
A positively oriented semicircle yp in the lower half-plane. 


that is shown in Figure 15.3. Of course this contour only contains the pole 
at —i. We find that 


27tResy,(—7) -| m(z) dz 


= [. m(z) wet f m(z) dz. (15.2.2.1.4) 


The integral over 1 vanishes as R — +00 and the integral over 1 tends 
to 


CoO 1 omit ¢ 
— el ~ mt : eo 1 2.2.1. 
[. vee (15.2.2.1.5) 


It is straightforward to calculate that 


Res, (—7) jim (2 — (-1))- = 


e7 2mikz 


zZ—-1 |, 
e7 2ri€(—2) 
—21 

e727 

= ——_, 15.2.2.1.6 
—2i ( ) 

Thus 

2niResm(—i) = —we~2™6, (15.2.2.1.7) 


We conclude that 


©. @) 
f(g) = / ae dt = re ?"6, (15.2.2.1.8) 
—oo 
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FIGURE 15.4 
A positively oriented semicircle in the upper half-plane. 


A similar calculation, using the contour ,, shown in Figure 15.4, shows 
that, when € < 0, then . 
f(€) = 1e?™6. (15.2.2.1.9) 


In summary, for any € € R, 
f(é) = nem, (15.2.2.1.10) 


We can now check our work using the inverse Fourier transform: We 
observe that both f and f are integrable, so we calculate that 


A] V(t) = / fermibt ag 


90 0 
_ | Te 2T8 e2r kt dé +/ meet’ e2riét dé 
0 —0O 


fore) fo) 
_ i Te 2S e2T ht dé +/ Te 2 oe 2m kt dé 


0 0 


= 2Re i me 278 eaniét ig 
0 

= 2Re i ~ mes(— 2m +2nit) de 
0 


— Re 20 ef-artro 


£=00 
—27 + Qrit 

= Re | ——— . (0-1) 

-_ —1+it 


1 
14H? 


£=0 


(15.2.2.1.11) 


Observe that our calculations confirm the correctness of our Fourier 
transform determination. In addition, they demonstrate the validity of 


206 Chapter 15. Transform Theory 


the Fourier inversion formula in a particular instance. oO 


EXAMPLE 15.2.2.2 Physicists call a function of the form 


f(t) = ion if —7/4<t<7/4 (15.2.2.2.1) 


0 if t<—7/4ort>7/4 


a finite wave train. Let us calculate the Fourier transform of this function. 
Solution: The Fourier integral is 
~~ oo . 
fle) = [ syer?r* at 
OO 


7/4 | 
= / (cos 2nt)e 275 dt 
7/4 


1 7/4n ; ; 7/4 ; 
— / e2tit p— 2g t dt +/ e 27 o— 2k t dt 
2 —7/4n —7/4x 
7/4n 7/4x 
/ e(2ni—2ni)t dt + / el 2ni—2nigt dt 
—7/4n —7/4r 


t=7/4 
_1(|__ 1 fami-anieye 
2 \ | Qt — 21 t=—7/4 


. . t=7/4 
e(-tei-anioe ) 


1 
2 


1 
t ee — 271 


t=—7/4 
—1f 1] panica—eytr/a) _ ,2ma1-9)1-7/4] 
2 | 27i(1 — €) 
1 ~2mi(1+€)[7/4] _ ,—2mi(1+€)[-7/4] 
T Ori(—1 — €) c “ 


sites grein (FO -9) 


macro F a+) 


sin — = cos im — cos im sin iT 
= a Qn(1 —€) 2 2 2 


: Ton on Te + cos sin IT 
2n(—1 — €) 2 2 2 2 


1 1% 1 1% 
~ 2-8) (- cos 2) + od ©) (- cos 78) 
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2 2°>\(1+€ 1-€ 
1 7 1 
=a (cos =e) 1 (15.2.2.2.2) 
In summary, 
f(Q)= -- COs (Fe) a (15.2.2.2.3) 


We may now perform a calculation to confirm the Fourier inversion for- 
mula in this example. The calculus of residues will prove to be a useful 
tool in the process. 


Now 
1 f* 1 7% 
V — _ _ tf ge. p2mét 
[fl (t) [| we gee d& 
1 sf? 1 , 
t+ (7m /2)E% (raf 2)E8) Qniét 
af ime le +e € dg 
Lf 1 cietcrm/2) tome dé 
2nr J_ 1- & 
_ti * 1 ose(—70/2)+20¢ dé 
2nr J_~ 1 -& 
=J+4+T7I. (15.2.2.2.4) 


First we analyze expression J. For t > —7/4 fixed, the expression 
(77/2) + 2nt is non-negative. Thus the exponential expression will be 
bounded (i.e., the real part of the exponent will be non-positive), if we 
integrate the meromorphic function 


1 bz ((72 /2)+2xt 

oe (15.2.2.2.5) 

on the curve Yr,R exhibited in Figure 15.5. It is easy to see that the integral 

over Vp, Rr tends to zero as R — +00. And the integrals over ve Pies RVR 

tend to the integral that is I as r — 0. It remains to evaluate the integrals 

over 73 p and 72 p. We do the first and leave the second for the reader. 
Now 


_s § | cizl(7m/2)+2nt] 4, 
3 R 1 — z? 
2 ° 1 ei(—1+re’?) (71 /2)+2mt] 57,18 dd 
Qn J, 1—(-1+ re”)? 
0 - ot 
_ tf / ire ei(—1tre™)[(71/2)+2nt] ag 
Qn J, 2re? — 1220 
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FIGURE 15.5 
The curve Yr,R- 


if? 1 6 
_ / oi(—1+re¥)[(7/2)+2mt] ap 
vis 


On 2 — re 
(r>0) / ° 1 oe il(7"/2)+2n4] ap 
27 Ja 2 
1 
— —jeom™. (15.2.2.2.6) 
A similar calculation shows that 
1 1 tzl(7/2)-+2nt] | omit 
_ _ dz = —-e*™., 15.2.2.2. 
Qn f. 1— ze 2 4° (15 9 
r,R 
In sum, 
1 1 1 
= =f + =f = —=- cos 2zt. (15.2.2.2.8) 
27 73 27 ye 2 
r,k r,R 


To analyze the integral IJ, we begin by fixing t > 7/4. Then we will 
have (—77/2) + 27t > 0. If we again use the contour in Figure 15.5, then 
the exponential in the meromorphic function 


gett 1012) 4200 (15.2.2.2.9) 


will be bounded on the curve 77, 2. Of course the integral over 7) p tends 
to zero as R —+ +00. The integrals over 12 Ry >, Ry Ve.z in sum tend to the 
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FIGURE 15.6 
The curve [r,R.- 


integral that defines JJ. Finally, a calculation that is nearly identical to 
the one that we just performed for J shows that | 


1 1 ; 1 ; 
= a dz= 7 (15.2.2.2.10) 
Vr,R 
Similarly, 
1 1 iz[(—7/2)+2nt] | omit 
On . 1-2 dz = 4° : (15.2.2.2.11) 
Vr, R 
Therefore 


IT= = 08 ant. (15.2.2.2.12) 


In summary, we see that on the common domain t > 7/4 we have 
1 1 
I+II= 5 008 2nt + 5 008 2nt = 0. (15.2.2.2.13) 


This value agrees with f(t) when t > 7/4. 
Similar calculations for t < —7/4 (but using the contour shown in Figure 
15.6) show that 
[f] Y(t) =0. —— (15.2.2.2.14) 


The remaining, and most interesting, calculation is for —7/4 < t < 7/4. 
We have already calculated J for that range of t. To calculate JJ, we use 
the contour in Figure 15.6. The result is that | 


IT= -5 cos 2rt. (15.2.2.2.15) 
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Therefore 
1 
(f] Yi) = -(U + 1D = 5 C08 2nt + 5 COS 2nt=cos2nt. (15.2.2.2.16) 


This confirms Fourier inversion for the finite wave train. O 


15.2.3. Solving a Differential Equation Using the Fourier 
Transform 


A simple integration by parts confirms that if f € C1(R) and if both f 
and f’ are integrable, then 


fi(€) = 2wi€f(E). (15.2.3.1.1) 


This formula is elementary but important. It is analogous to formula 
(15.1.6.5) for Fourier series coefficients. We can use it to solve a differ- 
ential equation: 

EXAMPLE 15.2.3.2 Use the Fourier transform to solve the differential 


equation 
f(t) — f() = v(t), (15.2.3.2.1) 
where ; 
e‘ift>0 
y(t) = 16 ift <0. (15.2.3.2.2) 


Solution: We begin by applying the Fourier transform to both sides of 
equation (15.2.3.2.1). The result is 


—4n?¢? F(E) — F(E) = @. (15.2.3.2.3) 
An easy calculation shows that | 


1 


(€) = “Thome (15.2.3.2.4) 


S$) 


Thus, under the Fourier transform, our ordinary differential equation has 
become 


~ 1 
—4n*€? f (€) — (8) = ~T pone (15.2.3.2.5) 

or | 1 
MO) = Gage yids amie) a - (15.2.3.2.6) 


Of course the expression on the right-hand side of (15.2.3.2.6) has no 
singularities on the real line (thanks to complex variables) and is integrable. 
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FIGURE 15.7 
The contour used to analyze the integral in (15.2.3.2.8). 


So we may apply the Fourier inversion formula (§15.2.1) to both sides of 
(15.2.3.2.6) to obtain 


V 1 V 
f(t) =[f]Y® = ert ois | . (15.2.3.2.7) 


We can find the function f if we can evaluate the expression on the right- 
hand side of (15.2.3.2.7). This amounts to calculating the integral 


© 2) 

Qrikt 

$$ eS" dé, 15.2.3.2.8 

[. (4n2€2 + 1)(1 + Qnié) : ( ) 

We will do so for t > 0 (the most interesting set of values for t, given the 

data function ¢ in the differential equation) and let the reader worry about 
t<0. 

It is helpful to use the calculus of residues to evaluate the integral in 
(15.2.3.2.8). We use the contour in Figure 15.7, chosen (with R >> 1) so 
that the exponential in the integrand will be bounded when the variable is 
on the curve and t > 0. The pole of 


_ I e2tizt _ e 
(4r2z2 + 1)(1 + 2riz) (1 — 2miz)(1 + 2niz)? 
(15.2.3.2.9) 


m ( z) 2rizt 
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that lies inside of yr is at P =i/([2]. This is a pole of order two. We use 
the formula in §§4.4.6. The result is that 


if 
Resm(P) = - pe + te] , (15.2.3.2.10) 


As usual, the value of the integral 


(o.@) 
1 omitt 
0 15.2.3.2.11 
| amen 925200) 
s } {1 1]1 

_oms\.  |2,-t —t}_ _ + |4,-t —t 
(—277) iy Fe + te 5 Fe + te | (15.2.3.2.12) 
This is the solution f (at least when t > 0) of our differential equation 
(15.2.3.2.1). O 


eee 


15.3. The Laplace Transform 
15.3.1 Prologue 


Let f be an integrable function on the half-line {f € R: t > 0}. [We 
implicitly assume that f(t) = 0 when t < 0.] 
In many contexts, it is convenient to think of the Fourier transform 


f(é) = / f(t)en27t dt (15.3.1.1) 


as a function of the complex variable €. In fact when Imé < 0 and t > 0 
the exponent in the integrand has negative real part so the exponential is 
bounded and the integral converges. For suitable f one can verify, using 
Morera’s theorem (§§2.3.2) for instance, that f(&) is a holomorphic function 
of €. It is particularly convenient to let € be pure imaginary: the customary 
notation is € = —is for s > 0. Then we have defined a new function 


F(s) = / f (t)e7** dt. (15.3.1.2) 


(As is customary in the theory of the Laplace transform, we have omitted 
the factor of 27.) We call F the Laplace transform of f. Sometimes, instead 
of writing F’, we write C(f). | 

The Laplace transform is a useful tool because 
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e It has formal similarities to the Fourier transform. 


e It can be applied to a larger class of functions than the Fourier trans- 
form (since the fact e~** decays rapidly at infinity). 


e It is often straightforward to compute. 


The lesson here is that it is sometimes useful to modify a familiar mathe- 
matical operation (in this case the Fourier transform) by letting the variable 
be complex (in this case producing the Laplace transform). 

We now provide just one example to illustrate the utility of the Laplace 
transform. 


15.3.2 Solving a Differential Equation Using the Laplace 
Transform 


EXAMPLE 15.3.2.1 Use the Laplace transform to solve the ordinary 
differential equation 


f'(t) + 38f'(t) + 2f(t) =sint (15.3.2.1.1) 


subject to the initial conditions f(0) = 1, f’(0) =0. 


Solution: Working by analogy with Example 15.2.3.2, we calculate the 
Laplace transform of both sides of the equation. Integrating by parts (as 
we did when studying the Fourier transform—§§15.2.3), we can see that 


L(f’)(s) =s-Lf(s)—1 (15.3.2.1.2) 
and 
L(f”)(s) = s*Lf(s) — s. (15.3.2.1.3) 


(These formulas are correct when all the relevant integrals converge. See 
also the Table of Laplace Transforms on page 271.) 
Thus equation (15.3.1.1) is transformed to 


[s*Lf(s) — s] + 3[s- Cf(s) — 1] + 2Lf(s) = (L[sint])(s).  (15.3.2.1.4) 
A straightforward calculation (using either integration by parts or complex 
variable methods) shows that 


Cisin t|(s) = 4 | (15.3.2.1.5) 


So equation (15.3.2.1.4) becomes 


Is Lf (s) — 8] + 3[8-Lf(s) — 1] + 2Lf(8) = = — 


15.3.2.1. 
s*+1 (15 6) 
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Just as with the Fourier transform, the Laplace transform has trans- 
formed the differential equation to an algebraic equation. We find that 


1 1 
L = > I OO ; 15.3.2.1. 
f(s) 243842 ai ts+3| (15.3.2.1.7) 
We use the method of partial fractions to break up the right-hand side 
into simpler components. The result is 
5/2  -—6/5 —3s/10+1/10 
c = fo 
I(s) stl s+2 s?+1 
Now our job is to find the inverse Laplace transform of each expression on 
the right. One way to do this is by using the Laplace inversion formula 


(15.3.2.1.8) 


©.@) 

f(t) -/ F(s)e™ ds. (15.3.2.1.9) 
—2t00 

However, the most common method is to use a Table of Laplace Trans- 


forms, as in [SASN, p. 402] or [CRC, pp. 559-564] or the Table of Laplace 
transforms on page 273 of this book. From such a table, we find that 


5, 6 _» 3 1, 
ft)= 5e xe 0 cost + 0 sin t. (15.3.2.1.10) 
The reader may check that this is indeed a solution to the differential equa- 
tion (15.3.2.1.1) . O 


(UM 


15.4 The z-Transform 


The z-transform, under that particular name, is more familiar in the 
engineering community than in the mathematics community. Mathemati- 
cians group this circle of ideas with the notion of generating function and 
with allied ideas from finite and combinatorial mathematics (see, for in- 
stance [STA]). Here we give a quick introduction to the z-transform and 
its uses. 


15.4.1 Basic Definitions 


Let {a; pied oo be a doubly infinite sequence. The z-transform of this 


sequence is defined to be the series 


A(z) = 3 ajz77. (15.4.1.1) 


j=-00 
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If this series converges on some annulus centered at the origin, then of 
course it defines a holomorphic function. Often the properties of the origi- 


nal sequence {a,; yee oo can be studied by way of the holomorphic function 


The reference [CRC, pp. 231, 543] explains the relationship between the 
z-transform and other transforms that we have discussed. The reference 
[HEN, v. 2, pp. 322, 327, 332, 334, 335, 336, 350] gives further instances of 
the technique of the z-transform. 


15.4.2 Population Growth by Means of the 
z-Transform 


We present a typical example of the use of z-series. 


EXAMPLE 15.4.2.1 During a period of growth, a population of salmon 
has the following two properties: 


(15.4.2.1.1) The population, on average, reproduces at the rate of 3% per 
month. 


(15.4.2.1.2) One hundred new salmon swim upstream and join the pop- 
ulation each month. 


If a(n) is the population in month n, then find a formula for a(n). 


Solution: Let P denote the initial population. Then we may describe the 
sequence in this recursive manner: 


a(0) = P 
a(1) = a(0)-(1+.03) + 100 
a(2) = a(1)-(1+.03) + 100 
etc. (15.4.2.1.3) 


Because we are going to use the theory of the z-transform, it is convenient 
to postulate that a(n) = 0 for n <0. 

Let us assume that {a(n)} has a z-transform A(z)—at least when z is 
sufficiently large. It is also convenient to think of each part of the recursion 
as depending on n. So let us set 


Pifn=-1 
P(n) = ‘ ifn #1 (15.4.2.1.4) 


and 


100 ifn > 0 
s(n) = 10 fn <0. (15.4.2.1.5) 
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Then our recursion can be expressed as 
a(n + 1) = 1.03a(n) + P(n) + s(n). (15.4.2.1.6) 


We multiply both sides of this equation by z~” and sum over n to obtain 


> a(n + 1)z~”" = 1.03 SS a(n)z” + > P(n)z-” + > s(n)z~” 


(15.4.2.1.7) 
or 
1 
z- A(z) = 1.03A(z) + Pz+ eae —_ (15.4.2.1.8) 
Here, for the last term, we have used the elementary fact that 
“t= 1/z)” = —— = —— 15.4.2.1. 
S52" =) (1/2) Tae > y27 (15.4.2.1.9) 
n=0 n=0 
valid for |z| > 1. 
Rearranging equation (15.4.2.1.8), we find that 
2 _ _ 
A(z) = P2 +00 Piz _ Pat (100~ P) (15.4.2.1.10) 


(z—1)(z-1.03) ~  (z-1)(z — 1.08’ 


valid for |z| sufficiently large. 
Of course we may decompose this last expression for A(z) into a partial 
fractions decomposition: 


__ [P+100/.03  100/.03 


We rewrite the terms in preparation of making a Laurent expansion: 


100 1 100 1 


For |z| > 1.03, we may use the standard expansion 


—-= Soa", = laf<l (15.4.2.1.13) 
~ n=0 
to obtain 
100\ — nn 100 _n 
= —— _ — . 15.4.2.1.14 
A(z) (P+ 3) ot 03)"z 03 du (15 ) 
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Note that we have obtained the expansion of A(z) as a z-series! Its 
coefficients must therefore be the a(n). We conclude that 


100 n _ 100 ; 
a(n) = 1° + gg) (1.03)" — ‘pg if n20 (15.4.2.1.15) 


It is easy to see that this problem could have been solved without the 
aid of the z-transform. But the z-transform was a useful device for keeping 
track of information. Oo 


Chapter 16 


Computer Packages for Studying 
Complex Variables 


eee 


16.0 Introductory Remarks 


In the past decade or so, there has been a wide proliferation of high 
speed digital computing equipment. Concomitant with that growth has 
been the development of ever more sophisticated analytic tools for doing 
mathematics. Gone are the days of using the computer simply as a “number 
cruncher.” Now there are sophisticated computer algebra software and 
two- and three-dimensional graphing software. In the present chapter we 
shall give brief descriptions of the major packages that are useful in doing 
complex analysis. 

We note that the producers of computer algebra systems in general have 
been slow to respond to the need for complex-analytic computing capabil- 
ities. It is only the latest releases of Mathematica and Maple that have 
serious power in complex arithmetic. The specialized software f(z) does 
only complex analysis, but its capabilities are very particular. 


Ss —eE—EE 


16.1 The Software Packages 


16.1.1 The Software f(z)® 


The software f (z)®, available for both the PC and Macintosh platforms, 
was one of the first to accept complex-analytic input and to be able to 
produce graphs of holomorphic functions. The most recent release for the 
Windows95 platform, available on CD-ROM, is particularly attractive. 


The primary purpose of f (z)® is to graph holomorphic functions. Of 


S. G. Krantz, Handbook of Complex Variables 
GC) RAB BAA RAIAR AB Ride woe MA AAG Nike Vanek Foo 
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course the graph actually lives in C x C, which is 4-dimensional Euclidean 


space. The software f (z) ® offers the user the option of viewing the graph 
in a great variety of configurations. Among these are 


(16.1.1.1) As a collection of images (in the plane) of circular level curves. 


(16.1.1.2) As a collection of images (in the plane) of rectilinear level 
curves. 


(16.1.1.3) Either (16.1.1.1) or (16.1.1.2) with the images lying in the 
Riemann sphere. 


(16.1.1.4) As a graph in three dimensions (where attention is restricted 
to either the real part or the imaginary part of the image). 


(16.1.1.5) As a graph in 4-dimensional space. 


Of course (16.1.1.5) can only be suggested through a variety of graph- 
ical tricks. In particular, animations are used in a compelling manner to 
suggest how various three-dimensional cross-sections fit together to com- 
pose the four-dimensional “graph.” The commands in f (z)® enable easy 
redefinition of the function, zooming, repositioning, and rotation. 

Functions may be defined by direct entry of the function name or by 
composition or by iteration. It is possible to draw Julia sets, fractals, 
Mandelbrot sets, and the various states generated by the complex Newton’s 
method. 

Beautiful line printouts are straightforward to produce; resolution, col- 
ors, and other attributes may be adjusted to suit. The software is trans- 
parent to use; resort to the documentation is rarely necessary. 

Although the strength of this software has traditionally been graphics, 
the newest Windows95 release also features numerical computation of com- 
plex line integrals. One can calculate winding numbers and verify the 
Cauchy integral formula and theorem in particular instances. 


Figures 16.1—-16.12 exhibit some representative £(z)® output. They 
depict the following: | 


[The function f(z) = e*] Figure 16.1 shows the image in the plane of 
circular level curves under e”; Figure 16.2 shows the image in the 
Riemann sphere of circular level curves under e’; Figure 16.3 shows 
the graph in 3-space of circular level curves under e*. 


[The function f(z) = z?] Figure 16.4 shows the image in the plane of 
circular level curves under z?; Figure 16.5 shows the image in the 
Riemann sphere of circular level curves under z?; Figure 16.6 shows 
the graph in 4-space of circular level curves acted on by z?. 
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FIGURE 16.1 
The image in the plane of circular level curves under e*. 


[Image of a rectangular grid] Figure 16.7 shows the image in the plane 
of a rectangular grid under e”; Figure 16.8 shows the image in the 
Riemann sphere of a rectangular grid under z*; Figure 16.9 the graph 
in 4-space of a rectangular grid under 2° —3z*+2-2. 


[The image of a rectangular grid under f(z) = log z] Figure 16.10 
shows the image in the plane of a rectangular grid under log z; Figure 
16.11 shows the image in the Riemann sphere of a rectangular grid 
under log z; Figure 16.12 shows the graph in 4-space of a rectangular 
grid under log z. 


16.1.2 Mathematica® 


Mathematica® is a powerful all-around mathematics utility. It can per- 
form computer algebra operations and numerical calculations, and has 
stunning graphing utilities. Version 3 is particularly well-equipped with 
complex analysis capabilities. See [WOL] for details of the Mathematica 
syntax. 

A complex number is denoted a + DI. Mathematica® can convert such 
a complex number to polar form, expressed either with trigonometric func- 
tions or in exponential notation. All complex arithmetic operations are 
performed with straightforward commands. For example, the input 


(4 + 31)/(2 - 1D (16.1.2.1) 


yields the output 1 + 21. ThecommandsRe[z], Im[z], Conjugate[z], 
Abs[z], Arg[z] compute real part, imaginary part, conjugate, modulus, 
and argument, respectively. (Continued on page 227.) 
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FIGURE 16.2 
The image in the Riemann sphere of circular level curves under e*. 


FIGURE 16.3 
The graph in 8-space of circular level curves acted on by e*. 
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FIGURE 16.4 
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FIGURE 16.6 
The graph in 4-space of circular level curves acted on by z?. 


FIGURE 16.7 
The image in the plane of a rectangular grid under e’. 
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FIGURE 16.8 


The image in the Riemann sphere of a rectangular grid under z?. 


j 
Pt tt tt tt 
ptt Et 
pt ti tt ty 
pt tT tT tt tT 
peepee be ep 
Pt tT Tit 
pt tt Tt tt Yt 
pt tt 
ptt tit ttt 


The graph in 4-space of a rectangular grid acted on by z° — 3z7 + z—2. 


FIGURE 16.9 
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The image in the plane of a rectangular grid under log z. 


FIGURE 16.10 
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The image in the Riemann sphere of a rectangular grid under log z. 


FIGURE 16.11 
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FIGURE 16.12 
The graph in 4-space of a rectangular grid acted on by log z. 


Mathematica® can factor a polynomial over the Gaussian integers: for 
example, the command 


Factor[i + x*, GaussianIntegers -> True] (16.1.2.2) 


yields the output (-I + x)(I + x). 
Mathematica® can calculate residues. The input 


Residue[1/x, {x,0}] (16.1.2.3) 
yields the output 1, while the input 
Residue[1i/xr?, {x,0}] (16.1.2.4) 


yields the output 0. 
Mathematica® has a number of specialized commands for converting 
a (complex) mathematical expression from one scientific form to another. 


Some examples are in the Table of Mathemat ica® commands. 


16.1.3 Maple® 


Maple® is another all-around mathematics utility. Like Mathematica®, 
it can perform computer algebra operations and run numerical analysis 
routines; it also has powerful graphics capabilities. 

In general, Maple®’s capabilities are similar to those of Mathematica. ® 
Of course the syntax is different. Details of Maple® syntax may be found 
in [CHA]. 

Maple® has a command evalc that “oversees” a number of basic com- 
plex arithmetic operations. The Table of Maple® commands exhibits some 
uses of evalc and the corresponding output: 
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Examples of Mathemat ica® Commands 


Exp[2 + 91]//N -6.73239 + 3.04517 I 


ComplexExpand[Sin[x + Iy]] | Cosh[y] Sin [x] + I Cos[x] Sinh [y] 
TrigToExp [Tan [x] ] [I(E-™ - E™)]/(E-™ + E*] 


ExpToTrig[Exp[x] - Exp[-x]] 2 Sinh[x] 


N(Sqrt [-21]] 1. -4.1 


Examples of Maple® Commands 


evalc((3 + 5*I)*(7 + 4*I)); 
evalc(Re((1 + 2*I)*(3 - 4*I))); 11 
evalc((-5 + 7*I)/(2 + 3*I)); 1 + QI 
evalc(sin(I1)); sinh(1) I 
evalc(exp(I)); cos(1) + sin(1) I 


evalc(conjugate(exp(2*I))); cos(2) - sin(2) I 


evalc(polar(r,theta)) ; r cos(theta) + r sin(theta) I 


A feature of many of the most popular computer algebra systems is that 
the user must tell the software when complex arithmetic is desired. The 
command evalc is an illustration of that concept. 


Maple® can convert a complex number from Cartesian form to polar 
form, expressed either with exponentials or with trigonometric functions. 
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Using the command fsolve with the complex option, Maple® can find 
all the roots of any polynomial with complex coefficients; the roots are 
expressed as floating point complex numbers. 

Maple*Y can compute the signum of a complex number where sgn z is 
defined to be z/|z| when z # 0. The command is signum z. 

Maple® also has advanced capabilities, such as being able to handle the 
syntax of the Newman-Penrose conjugation operator. It can treat Hermi- 
tian tensors and spinors. 


16.1.4 MatLab® 


The package MatLab® has the Maple® kernel imbedded in it. But it has 
MatLab®”s powerful front end. Therefore, with MatLab,® one can perform 
any complex arithmetic operation that can be performed in Maple.® See 
[HAL], [MAT], [MOC] for details of the MatLab® syntax. 

An attractive feature of MatLab® is that complex numbers do not re- 


quire special treatment. They can be entered (using either i or j for /—1) 
just as one would enter a real number. 


16.1.5 Ricci® 


Ricci® is a Mathematica® package created by John M. Lee. It is 
available, together with descriptive material, add-ons, and documentation, 
from the Web site 


\tt http: //www.math.washington.edu/~lee/Ricci/ 


Ricci® js designed to do tensor calculations in differential geometry. 
As such, it is tangential to the main thrust of the present book. For those 
who know the formalism of differential geometry, it may be of interest 
to know that Ricci® can calculate covariant derivatives, exterior deriva- 
tives, Riemannian metrics and curvatures, can manipulate vector bundles, 
can handle complex bundles and tensors, and conforms to the Einstein 
summation convention. 

When performed by hand, the calculations described in the preceding 
paragraph are massive—and easily prone to error. Ricci® is a powerful 
device for accuracy checking and for performing “what if” experiments in 
differential geometry. We note that it is not a commercial product. 


Glossary of Terms 
from Complex Variable Theory 
and Analysis 


accumulation point Let a1,a2,... be points in the complex plane. A 
point 6 is an accumulation point of the sequence {a,} if the a; get arbitrar- 
ily close to b. More formally, we require that for each € > 0 there exists an 
N > 0 such that when j > N, then |a; — | < e. §§3.2.1. 


analytic continuation The procedure for enlarging the domain of a holo- 
morphic function. §§10.1.1, §§10.1.2. 


analytic continuation of a function If (f1,U1),..., (fx, U,) are function 
elements and if each (f;,U;) is a direct analytic continuation of (f;1, U;_1), 
j = 2,...,k, then we say that (f,,U,) is an analytic continuation of 
(f1,U1). §§10.1.5. 


analytic continuation of a function element along a curve An an- 
alytic continuation of (f,U) along the curve ¥ is a collection of function 
elements (f;,U:), ¢ € [0,1], such that 


1) (fo, Vo) = (f,U). 
2) For each ¢ € [0, 1], the center of the disc U; is y(t), 0 <t <1. 


3) For each ¢ € [0,1], there is an € > 0 such that, for each t’ € [0,1] 
with |t’ —t| < €, it holds that 


(a) y(t’) € Ut and hence Uj NU; 4 0; 


(b) ft = fr: on Uy NU; [so that (f,,U;) is a direct analytic 
continuation of (fy, U4-)]. §§10.2.1. 


annulus A set of one of the forms {z € C:0 < |z| < R}or{zeC:r< 
|z| < R} or {2 €C:r < |2| < oo}. §§4.2.3. 
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area principle If f is schlicht and if 


then 
So ilbs|? <1. §§12.1.4 


argument If z = re’? is a complex number written in polar form, then 0 


is the argument of z. §§1.2.6. 


argument principle Let f be a function that is holomorphic on a domain 
that contains the closed disc D(P,r). Assume that no zeros of f lie on 
OD(P,r). Then, counting the zeros of f according to multiplicity, 


= DP) re d¢ = # zeros of f inside D(P,r). §85.1.5 


argument principle for meromorphic functions Let f be a holomor- 
phic function on a domain U C C. Assume that D(P,r) C U, and that f 
has neither zeros nor poles on 0D(P,r). Then 


/ Pp qd 
1 EAS) ae = nj — omy, 
(S) ° St ket 


2nt Japip,r) f 
where 71,72,...,Mp are the multiplicities of the zeros 21, 22,..., Zp of f in 


D(P,r) and m1, me,...,Mq are the orders of the poles wi, we,...,W¢ of f 
in D(P,r). §85.1.7. 


associative law If a,b,c are complex numbers, then 


(a+b)+c=a+(b+c) (Associativity of Addition) 
and 
(a-b)-c=a-(b-c). (Associativity of Multiplication) 
§81.1.2, 1.1.6. 


assumes the value @ to order n A holomorphic function assumes the 
value @ to order n at the point P if the function f(z) — @ vanishes to order 
n at P. §§5.1.3. 
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barrier Let U C C be an open set and P € QU. We call a function 
b:U — Ra barrier for U at P if 


1. 6 is continuous; 

2. b is subharmonic on U; 

3. bl ory < 0; 

A. {2 € OU: b(z) = 0} = {P}. 687.7.9. 


beta function If Rez > 0, Rew > 0, then the beta function of z and w is 


1 
B(z,w) = [ t?—*(1 — t)”—! dt. 
0 


§§13.1.11. 


Bieberbach conjecture This is the problem of showing that each coefhi- 
cient a; of the power series expansion of a schlicht function satisfies |a;| < j. 
In addition, the Kobe functions are the only ones for which equality holds. 
§§12.1.2. 


biholomorphic mapping See conformal mapping. 


Blaschke condition A sequence of complex numbers {a;} C D(0,1) sat- 
isfying 


1. @) 


So (1 = |ajl) < 0 


j=l 
is said to satisfy the Blaschke condition. §§9.1.5. 


Blaschke factor This is a function of the form 
z—-a 


Baz) = 1—@Gz 


for some complex constant a of modulus less than one. See also Mébius 
transformation. §§9.1.1. 


Blaschke factorization If f is a bounded holomorphic function or, more 
generally, a Hardy space function on the unit disc, then we may write 


f(z) =2"-4 [[ —*Ba,(2) > F(2). 
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Here m is the order of the zero of f at z = 0, the points a; are the other 
zeros of 


f (counting multiplicities), the B,,; are Blaschke factors, and F is a non- 
vanishing Hardy space function. §§9.1.7, §§12.3.7. 


Blaschke product If {a;} satisfies the Blaschke condition, then the infi- 
nite product 


I] Taj) Pas (z) 


converges uniformly on compact subsets of the unit disc to define a holomor- 
phic function B on D(0,1). The function B is called a Blaschke product. 
§89.1.6. 


Bohr-Mollerup theorem Suppose that y : (0,00) — (0, 00) satisfies 
1. log y(x) is convex; 
2. p(x+1)=2-y(z), all cx >0; 
3. y(1) = 1. | 


Then y(x) = I(x), where I is the gamma function of Euler. Thus I 
is the only meromorphic function on C satisfying the functional equation 
zV'(z) = [(z + 1),T(1) = 1, and which is logarithmically convex on the 
positive real axis. §§13.1.10. 


boundary maximum principle for harmonic functions Let U C C 
be a bounded domain. Let u be a continuous function on U that is har- 
monic on U. Then the maximum value of u on U (which must occur, since 


U is closed and bounded—see [RUD1], [KRA2]) must occur on OU. §§7.2.3. 


boundary maximum principle for holomorphic functions Let U C C 
be a bounded domain. Let f be a continuous function on U that is holomor- 
phic on U. Then the maximum value of | f| on U (which must occur, since 
U is closed and bounded—see [RUD1], [KRA2]) must occur on OU. §§5.4.2. 


boundary minimum principle for harmonic functions Let U C C 
be a bounded domain. Let u be a continuous function on U that is har- 
monic on U. Then the minimum value of u on U (which must occur, since 


U is closed and bounded—see [RUD1], [KRA2]) must occur on OU. §§7.2.3. 
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boundary minimum principle for holomorphic functions Let U C C 
be a bounded domain. Let f be a continuous function on U that is holo- 
morphic on U. Assume that f is non-vanishing. Then the minimum value 
of f on U (which must occur, since U is closed and bounded—see [RUD1], 
[KRA2]) must occur on QU. §§5.4.2. 


boundary uniqueness for harmonic functions Let U C C bea bounded 
domain. Let u; and ug be continuous functions on U that are harmonic on 
U. If uy = ue on OU then uy = ug on all of U. §87.2.5. 


bounded on compact sets Let F be a family of functions on an open 
set U C C. We say that F is bounded on compact sets if for each compact 
set K C U, there is a constant M = Mx such that for all f € F and all 
z € K we have 


|f(z)| <M. §§8.4.3. 


bounded holomorphic function A holomorphic function f on a domain 
U is said to be bounded if there is a positive constant M such that 


If(z)| <M 
for all z € U. §§9.1.4. 
Carathéodory’s theorem Let y : Q; — Q2 be a conformal mapping. 


If 0Q1,0Q2 are Jordan curves (simple, closed curves), then y (resp. y~*) 
extends one-to-one and continuously to 00,1 (resp. OQ2). §§12.2.2. 


Casorati- Weierstrass theorem Let f be holomorphic on a deleted neigh- 
borhood of P and supposed that f has an essential singularity at P. Then 
the set of values of f is dense in the complex plane. §§4.1.6. 


Cauchy estimates If f is holomorphic on a region containing the disc 
D(P,r) and if |f| <M on D(P,r), then 


a rP) <. §§3.1.2. 


Cauchy integral formula Let f be holomorphic on an open set U that 
contains the closed disc D(P,r). Let y(t) = P+ re. Then, for each 
z€ D(P,r), 


_ il f(¢) 
f(z) = mi fine % 
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See §§2.3.1. The formula is also true for certain more general curves 


(§§2.3.3). 


Cauchy integral formula for an annulus Let f be holomorphic on an 
annulus {z € C:r <|z—P|< R}. Letr<s<S< R. Then for each 
z € D(P,S) \ D(P,s) we have 


_1 f(q) 1 f(Q) 
MO) i firs C= BS Bei foo cp 
§§4.2.5. 


Cauchy integral theorem If f is holomorphic on a disc U and if y : 
[a,b] — U is a closed curve, then 


§ f(z) dz =0. §§2.3.2. 
¥ 
The formula is also true for certain more general curves (§§2.3.3). 


Cauchy-Riemann equations If u and v are real-valued, continuously 
differentiable functions on the domain U, then wu and v are said to satisfy 
the Cauchy-Riemann equations on U if 


Ou Ov Ov Ou 


Cauchy-Schwarz Inequality The statement that if z1,...z, and wj,..., 
Wr are complex numbers, then 


n 2 n n 
S > zg ty] < Solel? Do ley ?. 61.2.7. 


Cayley transform This is the function 
1—Z 


(2) = 


that conformally maps the upper half plane to the unit disc. §§6.3.5. 


classification of singularities in terms of Laurent series Let the 
holomorphic function f have an isolated singularity at P, and let 


>> aj(z- PY 


j=—00 
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be its Laurent expansion. Then 
e Ifa; =0 for all 7 < 0, then f has a removable singularity at P. 


e If, for some k < 0, a; = 0 for 7 < k and a; #0, then f has a pole of 
order k at P. 


e If there are infinitely many non-zero a; with negative index j, then 
f has an essential singularity at P. 


§84.2.8. 


clockwise The direction of traversal of a curve y such that the region in- 
terior to the curve is always on the right. §§2.1.7. 


closed curve A curve 7: [a,b] — C such that y(a) = y(b). §§2.1.2. 


closed disc of radius r and center P A disc in the plane having radius 
r and center P and including the boundary of the disc. §§1.1.5. 


closed set A set FE in the plane with the property that the complement of 
E is open. §§1.1.5. 


commutative law If a,b,c are complex numbers, then 


a+b=b+a (Commutativity of Addition) 
and 
a-b=b-a. (Commutativity of Multiplication) 
§§1.1.6. 


compact set A set K C C is compact if it is both closed and bounded. 
§§3.1.5. 


complex derivative If f is a function on a domain U, then the complex 
derivative of f at a point P in U is the limit 


am LO—F(P) 


lim ““— §§1.3.5. 


complex differentiable A function f is differentiable on a domain U if 
it possesses the complex derivative at each point of U. §§1.3.6. 
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complex line integral Let U be a domain, g a continuous function on U, 
and y : [a,b] > U a curve. The complex line integral of g along ¥ is 


foeae= [ g(y(t)) - “" (t) dt §§2.1.6. 


complex numbers Any number of the form z + ty with x and y real. 
§§1.1.2. 


condition for the uniform convergence of an infinite product of 
functions Let U C C be a domain and let f; be holomorphic functions on 
U. Assume that 

e@) 

Sol fil 


j=l 
converges uniformly on compact subsets of U. Then the sequence of partial 
products 


N 
Fy(z) = [[+4,(2) 


j=l 


converges uniformly on compact sets to a holomorphic limit F(z). We write 


F(z) = [[(+ f;(2)). §§8.1.12, §§8.1.15. 


j=l 


condition for the convergence of an infinite product of numbers 


If 
| |aj| < 00, 
j=l 
then both 
OO 
[[q + |a;|) 
j=l 
and 


(1+a;) 


3 


wo. 
II 
— 


converge. §§8.1.11. 
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conformal A function f on a domain U is conformal if it preserves angles 
and dilates equally in all directions. A holomorphic function is conformal, 
and conversely. §$1.3.6, §§2.2.5. 


conformal mapping Let U, V be domains in C. A function f: U — V 
that is holomorphic, one-to-one, and onto is called a conformal mapping or 
conformal map. §§6.1.1. 


conformal self-map Let U C C be a domain. A function f : U — U that 
is holomorphic, one-to-one, and onto is called a conformal (or biholomor- 
phic) self-map of U. §85.5.1. 


conjugate If z = x + iy is a complex number, then Z = z — ty is its (com- 
plex) conjugate. §§1.1.2. 


connected A set £ in the plane is connected if there do not exist disjoint 
and non-empty open sets U and V such that F = (UNE)U(VNE). §§1.3.1. 


continuing a function element Finding additional function elements 
that are analytic continuations of the given function element. §§10.1.2, 
§§10.1.3, §§10.1.4. 


continuous A function f with domain S is continuous at a point P in S 
if the limit of f(z) as x approaches P is f(P). An equivalent definition, 
coming from topology, is that f is continuous provided that, whenever V 
is an open set in the range of f, then f—!(V) is open in the domain of f. 
§§1.3.1, §85.2.1. 


continuously differentiable A function f with domain (the open set) 
S is continuously differentiable if the first derivative(s) of f exist at every 
point of S and if each of those first derivative functions is continuous on S. 
§§1.3.1, §§2.1.3. 


continuously differentiable, k times A function f with domain S' such 
that all derivatives of f up to and including order k exist and each of those 
derivative functions is continuous on S. §§1.3.1. 


convergence of a Laurent series The Laurent series 


> a;(z— P) 


j=—0o 
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is said to converge if each of the power series 


0 ore) 
> a;(z—P)3 — and S 5 a;(z — P)4 
1 


j=—0o 


converges. §§4.2.2. 


convergence of an infinite product An infinite product 


amt: 


(1 + a;) 


Ko, 
l 
—_ 


is said to converge if 
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1. Only a finite number a,,,...,a;, of the a;’s are equal to —1. 


2. If No > 0 is so large that a; 4 —1 for 7 > No, then 


N 
li 
Noto ; II (1 + a3) 
j=Not1 


exists and is non-zero. 


convergence of a power series The power series 


IC — P)j 


j=0 


§§8.1.9. 


is said to converge at z if the partial sums Sy(z) converge as a sequence 


of numbers. §§3.1.6. 


converges uniformly See uniform convergence. 


countable set A set S is countable if there is a one-to-one, onto function 


f: SAN. 886.5.3 


countably infinite set See countable set. 


counterclockwise The direction of traversal of a curve y such that the 


region interior to the curve is always on the left. §§2.1.7. 
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counting function This is a function from classical number theory that 
aids in counting the prime numbers. §§13.3.1. 


curve A continuous function 7: [a,b] > C. §§2.1.1. 


deformability Let U be a domain. Let y : [a,b] > U and p: [a,b] > U be 
curves in U. We say that 7 is deformable to py in U if there is a continuous 
function H(s,t), 0 < s,t < 1 such that H(0,t) = y(t), H(1,t) = p(t), and 
H(s,t) € U for all (s,t). §§2.3.4, §§10.3.2. 


deleted neighborhood Let P € C. A set of the form D(P,r) \ {P} is 
called a deleted neighborhood of P. §84.1.2. 


denumerable set A set that is either finite or countably infinite. 


derivative with respect to z If f is a continuously differentiable function 
on a domain U, then the derivative of f with respect to z on U is 


a _ : (= _ is | f 8§1.3.3. 


derivative with respect to Z If f is a continuously differentiable function 
on a domain U, then the derivative of f with respect to Z on U is 


OF - Oo 9a | 


differentiable See complex differentiable. 


direct analytic continuation Let (f,U) and (g, V) be function elements. 
We say that (g, V) is a direct analytic continuation of ( f,U)ifUNV ZO 
and f = g on UNV. §810.1.4. 


Dirichlet problem on the disc Given a continuous function f on the 
boundary of the unit disc @D(0, 1), find a continuous function u on D(0, 1) 
whose restriction to 0D(0,1) equals f. §§7.3.4. 


Dirichlet problem on a general domain Let U C C be a domain. Let 
f be a continuous function on OU. Find a continuous function u on U such 
that u agrees with f on OU. §§7.7.1, §87.8.1, §§14.2.1. 
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disc of convergence A power series 
CoO 
(7 — P) 
» a5(2 P) 
j=0 


converges on a disc D(P,r), where 
1 


ne 
lim sup;_,., |a;|1/9 


The disc D(P,r) is the disc of convergence of the power series. §§3.1.6. 


discrete set A set S Cc C is discrete if for each s € S there is an 6 > 0 
such that D(s,5) 5 = {s}. See also isolated point. §§3.2.2. 


distributive law If a,b,c are complex numbers, then the distributive laws 
are 
a-(b+c)=ab+ac. 


and 
(b+c)-a=ba+ca. 


§§1.1.6. 
domain A set U in the plane that is both open and connected. §§1.3.1. 


domain of a function The domain of a function f is the set of numbers 
or points to which f can be applied. 


entire function A holomorphic function whose domain is all of C. §§3.1.3. 


equivalence class If R is an equivalence relation on a set S,, then the sets 
s = {s’ € S: (s,s’) € R} are called equivalence classes. See [KRA3] for 
more on equivalence classes and equivalence relations. §§10.1.6. 


equivalence relation Let R be a relation on a set S. We call R an 
equivalence relation if R is 

e reflexive: For each s € S, (s,s) ER. 

e symmetric: If s,s’ € S and (s,s’) € R, then (s’,s) € R. 

e transitive: If (s,s’) € R and (s’,s”) € R, then (s,s”) € R. 
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An equivalence relation results in the set S being partitioned into equiv- 
alence classes. §§10.1.6 


essential singularity If the point P is a singularity of the holomorphic 
function f, and if P is neither a removable singularity nor a pole, then P 
is called an essential singularity. §§4.1.4, §§4.1.6, §§4.2.8. 


Euclidean algorithm The algorithm for long division in the theory of 
arithmetic. §§3.1.4. 


Euler-Mascheroni constant The limit 


li L+idet..t—)—lo 
nat 2°3 TR 6” 


exists. The limit is a positive constant denoted by y and is called the 
Euler-Mascheroni constant. §§13.1.7. 


Euler product formula For Re z > 1, the infinite product [],-p(1—1/p*) 


converges and 
a =] (: _ =) | §§13.2.2 


peEP 


Here P = {2,3,5,7,11,...} is the set of prime numbers. 
exponential, complex The function e*. §§1.2.1. 


extended line The real line (lying in the complex plane) with the point 
at infinity adjoined. §§6.3.7. 


extended plane The complex plane with the point at infinity adjoined. 
See stereographic projection. §86.3.2. 


extended real numbers The real numbers with the points +oo and —oo 
adjoined. §§4.2.3. 


field A number system that is closed under addition, multiplication, and 
division by non-zero numbers and in which these operations are commuta- 
tive and associative. §§1.1.6. 


finite set A set S is finite if it can be put in one-to-one correspondence 
with a set of the form {1,2,...,N}. §§4.4.1, §§4.6.7. 
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formula for the derivative Let U C C be an open set and let f be 
holomorphic on U. Then f is infinitely differentiable on U. Moreover, if 


D(P,r) CU and z € D(P,r), then 


k 
(2) H(2) k! 49 ae k=0,1,2,.... 


dz 7 Qri |¢—P|=r (¢ ~ z)R+I 


§§3.1.1. 


functional equation for the zeta function This is the relation 
¢(1 — z) = 2¢(z)T(z) cos (Sz) - (27) ’, 


which holds for all z € C. §813.2.7. 


function element An ordered pair (f,U) where U is an open disc and f 
is a holomorphic function defined on U. §§10.1.3. 


Fundamental Theorem of Algebra The statement that every non- 
constant polynomial has a root. §§1.1.7, §§3.1.4. 


Fundamental Theorem of Calculus along Curves Let U Cc C bea 
domain and ¥y = (71,72) : [a,b] ~ U aC! curve. If f € C1(U), then 


ex 1000) = f (Zee 8 + Lewy 2) at 
| §§2.1.5. 
gamma function If Rez > 0, then define 
T(z) = | * Net at, §§13.1.1 


generalized circles and lines In the extended plane C = CU {oo}, a 
generalized line (generalized circle) is an ordinary line union the point at 
infinity. Topologically, an extended line is a circle. §§6.3.6. 


genus of an entire function The maximum of the rank of f and of the 
degree of the polynomial g in the exponential in the Weierstrass factoriza- 
tion. §§9.3.5. 
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global analytic function We have an equivalence relation by way of ana- 
lytic continuation on the set of function elements. The equivalence classes 
((KRA3, p. 53]) induced by this relation are called global analytic func- 
tions. §§10.1.6, §§10.3.6. 


greatest lower bound See infimum. 


Hankel contour The contour of integration C, used in the definition of 
the Hankel function. §§13.2.4. 


Hankel function The function 
H(2)= | u(w)dw, 
OF 
where C, = C,(6) is the Hankel contour. §§13.2.4. 


Hardy space If 0 < p < ov, then we define H?(D) to be the class of those 
functions holomorphic on the disc and satisfying the growth condition 


1 20 ; 1/p 
sup (;- | s(rePa < 00. 
O<r<1 \ 27 Jo 


In this circumstance we write f € H®(D). It is convenient to use the 
notation ||f||» to denote the displayed quantity. 

We also let H®(D) denote the class of bounded holomorphic functions 
on D, and we let ||f||7-0 denote the supremum of f on D. §812.3.1. 


harmonic A function u on a domain U is said to be harmonic of Au = 0 
on U, that is, if u satisfies the Laplace equation. §§1.4.1. 


harmonic conjugate If u is a real-valued harmonic function on a domain 
U, then a real-valued harmonic function v on U is said to be conjugate to 
u if h =u-+iv is holomorphic. §§1.4.2. 


Harnack inequality Let u be a non-negative, harmonic function D(0, R). 
Then, for any z € D(0, R), | 
R—|z| R + |z| 
; < -u(0). 
Ret MO) Sue) < Ram) 
Let u be a non-negative, harmonic function on D(P, R). Then, for any 
z€ D(P,R), 
R—|z—-P| R+ |z-P 
————. -u(P)< < —_____ 
Rij) “P)S“2) S pop 


-u(P). §§7.6.1 
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Harnack principle Let u; < u2 < ... be harmonic functions on a con- 
nected open set U C C. Then either u; — oo uniformly on compact sets 
or there is a harmonic function u on U such that u; — u uniformly on 
compact sets. §§7.6.2. 


holomorphic A continuously differentiable function on a domain U is 
holomorphic if it satisfies the Cauchy-Riemann equations on U or (equiva- 
lently) if of /OZ =0 on U. §§1.1.2, §§1.3.4, §§1.3.5. 


holomorphic function on a Riemann surface A function F' is holo- 
morphic on the Riemann surface R if F ox~+ : x(U) > C is holomorphic 
for each open set U in R with m one-to-one on U. Here 7 is a coordinate 
(chart) map on R. §§10.4.4. 


homeomorphic Two open sets U and V in C are homeomorphic if there 
is a one-to-one, onto, continuous function f : U — V with f-!:V 3 U 
also continuous. §§6.4.1. 


homeomorphism A homeomorphism of two sets A, B C C is a one-to-one, 
onto continuous mapping F' : A — B with a continuous inverse. §§6.4.1. 


homotopic See deformability, homotopy. §§10.3.2. 


homotopy Let W be a domain in C. Let yo : [0,1] — W and yj : [0,1] > 
W be curves. Assume that yo(0) = 71(0) = P and that yo(1) = 71(1) = Q 
We say that yo and 7; are homotopic in W (with fixed endpoints) if there 
is a continuous function 


H : [0,1] x [0,1] > W 
such that 
1) H(0,t) = y(t) for all t € (0, 1]; 
2) H(1,t)=y1(t) for all t € (0, 1]; 
) H 
) H 


3) H(s,0) =P for all s € (0, 1); 
4) H(s,1)=Q for all s € [0,1]. 


Then H is called a homotopy (with fixed endpoints) of the curve ‘Yo to the 
curve 1. The two curves 70,71 are said to be homotopic. §§10.3.2. 
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Hurwitz’s theorem Suppose that U C C is a domain and that {f;} is a 
sequence of nowhere-vanishing holomorphic functions on U. If the sequence 
{f;} converges uniformly on compact subsets of U to a (necessarily holo- 
morphic) limit function fo, then either fo is nowhere-vanishing or fo = 0. 
§§5.3.4. 


image of a function The set of values taken by the function. 


imaginary part If z = x+y is a complex number, then its imaginary 
part is y. §$1.1.2. 


imaginary part of a function f If f = u+ iv is a complex-valued 
function, with u and v real-valued functions, then v is its imaginary part. 
§§1.3.2. 


index Let U be a domain and : [0,1] — U a piecewise C! curve in U. 
Let P € U be a point that does not lie on y. Then the index of 7 with 
respect to P is defined to be 


1 1 
Ind,(P) = aif pe 
7 271 Jy G—P 
The index is always an integer. §§4.4.4. 


infimum Let S C R be a set of numbers. We say that a number m is an 
infimum for S if m < s for all s € S and there is no number greater than 
m that has the same property. Every set of real numbers that is bounded 
below has an infimum. The term “greatest lower bound” has the same 
meaning. 


infinite product An expression of the form G21 +a,;). §88.1.6. 
integer A whole number, or one of ... — 3, —2, —1,0,1, 2,3,.... 


integral representation of the beta function, alternate form For 
z,w ¢ {0, —1, —2,...}, 


n/2 
B(z,w) = 2 | (sin 0)2*—*(cos 0)*”~* dé. 
0 


§§13.1.14. 
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irrational numbers Those real numbers that have non-terminating, non- 
repeating decimal expansions. §§1.1.1. 


isolated point A point s of a set S C C is said to be isolated if there is 
an 6 > 0 such that D(s,6) NS = {s}. §8§3.2.2. 


isolated singularity See singularity. 
isolated singular point See singularity. 


Jensen’s formula Let f be holomorphic on a neighborhood of D(0,r) 
and suppose that f(0) 4 0. Let aj,...,a, be the zeros of f in D(0,r), 
counted according to their multiplicities. Assume that f does not vanish 
on OD(0,r). Then 


‘ = fe lf (re®)|d0 
a; ay, 0 6 


k 
log|f(0)| + }— log 
j=l 
§§9.1.2. 
Jensen’s inequality Let f as in Jensen’s formula. Then 
1 27 ” 
log |f(0)| < 5— | log f(re)| a8. 
T JO 
§§9.1.3. 
Jordan curve See simple, closed curve. 


Kobe function Let 0 < @ < 27. The Kobe function 


fo(z) = 


z 
(1 + e%?z)2 


is a schlicht function that satisfies |a;| = 7 for all j. §§12.1.1. 


Kobe 1/4 theorem If f is schlicht, then 


f(D(O,1)) > D(O, 1/4). §§12.1.5 


k times continuously differentiable function A function f with do- 
main S such that all derivatives of f up to and including order k exist and 
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each of those derivatives is continuous on S. §81.3.1. 


Lambda function Define the function 
A:{neZ:n>0}-R 
by the condition 


; _ pk 
Atm) = { 98? if m=p",pEP,0<keEZ 


0 otherwise. 


(Here ? is the collection of prime numbers.) §§13.2.10. 


Laplace equation The partial differential equation 


Au = 0. §87.1.1 


Laplace operator or Laplacian This is the partial differential operator 


oe 0? 
= 572 + Ee §87.1.2 


Laurent series A series of the form 
ee . 
> a;(z— P)?. 
j=—0O 
See also power series. §§4.2.1. 
Laurent series expansion about oo Fix a positive number R. Let f be 


holomorphic on a set of the form {z € C: |z| > R}. Define G(z) = f(1/z) 
for |z| < 1/R. If the Laurent series expansion of G about 0 is 


1©.@) 
) a;z) , 


j=—00 


then the Laurent series expansion of f about oo is 


S> aye. 884.6.7 


j=—00 


least upper bound See supremum. 
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limit of the function f at the point P Let f be a function on a domain 
U. The complex number ¢ is the limit of the f at P if for each € > 0 there is 
a 6 > 0 such that, whenever z € U and 0 < |z—P| < 6, then |f(z)-—P| <e. 
§§1.3.5. 


linear fractional transformation A function of the form 


az+b 
Zh ——., 
cz+d 


for a, b,c,d complex constants with ac — bd £ 0. §§6.3.1. 


Liouville’s theorem If f is an entire function that is bounded, then f is 
constant. §§3.1.3. 


locally A property is true locally if it is true on compact sets. 


Lusin area integral Let (. C C be a domain and y : 1. — C a one-to-one 
holomorphic function. Then y(Q) is a domain and 


area(y() = | Ip'(2))?dady, §§12.1.3 


maximum principle for harmonic functions If u is a harmonic func- 
tion on a domain U and if P in U is a local maximum for u, then wu is 
identically constant. §§7.2.1. 


maximum principle for holomorphic functions If f is a holomorphic 
function on a domain U and if P in U is a local maximum for |f|, then f 
is identically constant. §§5.4.1. 


maximum principle for subharmonic functions If u is subharmonic 
on U and if some point P € U is a local maximum for u, then wu is identi- 
cally constant. §§7.7.6. 


mean value property for harmonic functions Let u be harmonic on 
an open set containing the closed disc D(P,r). Then 


2r 
u(P) = x= | u(P + re’) dé. §87.2.4 
0 


This identity also holds for holomorphic functions. 
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Mergelyan’s theorem Let K C C be compact and suppose that C \K 
has only finitely many connected components. If f € CK) is holomorphic 


on K and if e > 0, then there is a rational function r(z) with poles in C\K 
such that 
max | f(z) — r(z)| <. §§11.2.3 
z€K 


Mergelyan’s theorem for polynomials Let K C C be compact and 


assume that C \ K is connected. Let f € C(K) be holomorphic on K. 
Then for any € > 0 there is a holomorphic polynomial p(z) such that 


max lp(z) — f(z)| <e. §§11.2.2 


meromorphic at oo Fix a positive number R. Let f be holomorphic on 
a set of the form {z € C: |z| > R}. Define G(z) = f(1/z) for |z| < 1/R. 
We say that f is meromorphic at oo provided that G is meromorphic in 
the usual sense on {z € C: |z| < 1/R}. §84.6.8. 


meromorphic function Let U be a domain and {P;} a discrete set in U. 
If f is holomorphic on U \ {P;} and f has a pole at each of the {P;}, then 
f is said to be meromorphic on U. §§4.6.1. 


minimum principle for harmonic functions If u is a harmonic func- 
tion on a domain U and if P in U is a local minimum for u, then wu is 
identically constant. §§7.2.2. 


minimum principle for holomorphic functions If f is a holomorphic 
function on a domain U, if f does not vanish on U, and if P in U is a local 
minimum for |f|, then f is identically constant. §§5.4.3. 


Mittag-Lefler theorem Let U C C be any open set. Let aj,a2,... be 
a finite or countably infinite set of distinct elements of U with no accumu- 
lation point in U. Suppose, for each j, that U; is a neighborhood of a;. 
Further assume, for each 7, that m,; is a meromorphic function defined on 
U; with a pole at a; and no other poles. Then there exists a meromorphic 
m on U such that m —m, is holomorphic on U; for every j. §§8.3.6. 


Mittag-Leffler theorem, alternative formulation Let U C C be any 
open set. Let a1,Q2,... be a finite or countably infinite set of distinct 
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elements of U, having no accumulation point in U. Let s; be a sequence 
of Laurent polynomials (or “principal parts”), 


—|] 
si(z)= DS) ag: (z—a,)* 
é=—p(j) 


Then there is a meromorphic function on U whose principal part at each 
a; is s;. §§8.3.6. 


Mobius transformation This is a function of the form 


z2—a 


Pol2) = Tae 


for a fixed complex constant a with modulus less than 1. Such a function 
Yq is a conformal self-map of the unit disc. §§5.5.1. 


modulus If z = x + iy is a complex number, then |z| = /z? + y? is its 
modulus. §§1.1.4. 


monodromy theorem Let W C C be a domain. Let (f,U) be a function 
element, with U C W. Let P denote the center of the disc U. Assume that 
(f, UU) admits unrestricted continuation in W. If -yo,-y1 are each curves that 
begin at P, terminate at some point Q, and are homotopic in W, then the 
analytic continuation of (f,U) to Q@ along yo equals the analytic continua- 
tion of (f,U) to Q along 7. §§10.3.5. 


monogenic See holomorphic. 


monotonocity of the Hardy space norm Let f be holomorphic on D. 
If0 <r, < rq <1, then 


an 20 ; 
i f(r e%®)|? dd < / lf (roe?) |? dd. 
0 0 
§§12.3.4. 


Montel’s theorem Let F = { fa}aca be a family of holomorphic functions 
on an open set U C C. If there is a constant M > 0 such that 


lf(z)| <M, forallzeU, fef, 


then there is a sequence {f;} C F such that f; converges normally on U 
to a limit (holomorphic) function fo. §§8.4.2. 
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Montel’s theorem, second version Let U C C be an open set and let 
F be a family of holomorphic functions on U that is bounded on compact 
sets. Then there is a sequence {f;} C F that converges normally on U to 
a limit (necessarily holomorphic) function fo. §§8.4.4. 


Morera’s theorem Let f be a continuous function on a connected open 


set U CC. If 
§ f(2)de =0 
Y 


for every simple, closed curve y in U, then f is holomorphic on U. The 
result is true if it is only assumed that the integral is zero when 7 is a 
rectangle, or when 7 is a triangle. §§2.3.2. 


multiple root Let f be either a polynomial or a holomorphic function on 
an open set U. Let k be a positive integer. If P € U and f(P) = 0, f’(P) = 
0,..., f"-)(P) =0, then f is said to have a multiple root at P. The root 
is said to be of order k. See vanishes to order k. §§3.1.4. 


multiple singularities Let U C C be a domain and P, Po,... be a dis- 
crete set in U. If f is holomorphic on U \ {P;} and has a singularity at 
each P;, then f is said to have multiple singularities in U. §84.4.1. 


multiplicity of a zero or root The number k in the definition of multiple 
root. §85.1.2. 


neighborhood of a point in a Riemann surface We define neighbor- 
hoods of a “point” (f,U) in R by 
{(fp, Up): p € U and (fp, Up) is a direct 
analytic continuation of (f,U) to p}. 


§810.4.2. 


normal convergence of a sequence A sequence of functions g; on a do- 
main U is said to converge normally to a limit function g if the f; converge 
uniformly on compact subsets of U to g. §§8.1.3. 


normal convergence of a series A series of functions yoj=l gj; on a do- 
main U is said to converge normally to a limit function g if the partial sums 
Sn = 1 gj; converge uniformly on compact subsets of U to g. §§8.1.4 
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normal family Let F be a family of (holomorphic) functions with com- 
mon domain U. We say that F is a normal family if every sequence in F 
has a subsequence that converges uniformly on compact subsets of U, i.e., 
converges normally on U. See Montel’s theorem. §§8.4.3. 


one-to-one A function f : S — T is said to be one-to-one if whenever 


$1 # $2, then f(s1) # f(s2). §§5.2.1. 


onto A function f : S — T is said to be onto if whenever ¢ € T, then there 
is an s € S such that f(s) = t. §§5.2.1. 


open disc of radius r and center P A disc D(P,r) in the complex 
plane having radius r and center P and not including the boundary of the 
disc. §81.1.5. 


open mapping A function f : S — T is said to be open if whenever U C S 
is open, then f(U) C T is open. §§5.2.1. 


open mapping theorem If f : U — C is a holomorphic function on a 
domain U, then f(U) will also be open. §85.2.1. 


open set A set U in the plane with the property that each point P ¢ U 
has a disc D(P,r) such that D(P,r) C U. §§1.1.5. | 


order of an entire function An entire function f is said to be of finite 
order if there exist numbers a,r > 0 such that 


|f(z)| < exp(|z|*) for all |z| > r. 


The infimum of all numbers a for which such an inequality holds is called 
the order of f and is denoted by \ = A(f). §§9.3.2 


order of a pole See pole. 
order of a root See multiplicity of a root and vanishes to order k. 


Ostrowski-Hadamard gap theorem Let 0 < p; < po < --- be integers 
and suppose that there is a A > 1 such that 
= > for j=1,2,.... (9.2.1.1) 
j 
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Suppose that, for some sequence of complex numbers {a,;}, the power series 


© 2) 
f(z) = S| ajz?3 (9.2.1.2) 
j=1 
has radius of convergence 1. Then no point of 0D is regular for f. §§9.2.2 


partial fractions A method for decomposing a rational function into a 
sum of simpler rational components. Useful in integration theory, as well 
as in various algebraic contexts. See [THO] for details. §§15.3.2. 


partial product For an infinite product 210 +a,), the partial product 
is y 
Py = [[(@.+4,). §§8.1.8 


j=1 


partial sums of a power series If 


‘o-e) 
S 5 a;(z — P) 
j=0 


is a power series, then its partial sums are the finite sums 


N 
Sw(z) => a;(z- Py 
j=0 
for N = 0,1,2,.... §§3.1.6. 
path See curve. §§2.1.1. 


path-connected Let E C C be a set. If, for any two points A and B in 
E there is a curve y: [0,1] — E such that (0) = A and (1) = B, then 
we say that & is path-connected. §§1.1.5. 


Picard’s Great Theorem Let U be a region in the plane, P € U, and 
suppose that f is holomorphic on U \ {P} and has an essential singularity 
at P. If € > 0, then the restriction of f to UN ID(P, e) \ {P}] assumes all 
complex values except possibly one. §§10.5.3 


Picard’s Little Theorem If the range of an entire function f omits two 
points of C, then f is constant. In other words, an entire function assumes 
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all complex values except possibly one. §§10.5.2. 


piecewise C* A curve ¥: [a,b] — C is said to be piecewise C* if 


[a, b] = [ao, a1] U [a1, a2] U---U [a@m—1, Gm] 


with a = ap < a, <---Gm = band |, ; is C* for 1 < j < m. §§2.3.3. 
J—4) 


a;] 
aw function For x > 0, this is the function 
n(x) = the number of prime numbers not exceeding 2. 


§§13.3.2. 


point at oo A point which is adjoined to the complex plane to make it 
topologically a sphere. §86.3.1, §§6.3.3. 


Poisson integral formula Let u: U — R bea harmonic function on a 
neighborhood of D(0,1). Then, for any point a € D(0, 1), 


2 . —_ 2 
u(a) = =f u(e) - aa dy. §87.3.1 


Poisson kernel for the unit disc This is the function 


1 1 —{al? 
Qn la — et? |? 


that occurs in the Poisson integral formula. §§7.3.2. 


polar form of a complex number A complex number z written in the 
form z = re’’ with r > 0 and @ € R. The number r is the modulus of z 
and @ is its argument. §§1.2.4. 


polar representation of a complex number See polar form. §81.2.4. 


pole Let P be an isolated singularity of the holomorphic function f. If 
P is not a removable singularity for f but there exists a k > 0 such that 
(z — P)* . f is a removable singularity, then P is called a pole of f. The 
least k for which this condition holds is called the order of the pole. §§4.1.4, 
§§4.2.8. - 
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polynomial A polynomial is a function p(z) [resp. p(x)| of the form 
p(z) = ag + ayz +++ ap_12*—! + az", 
[resp. p(x) =ag +a ,r+-:: ayp—12"—! + a,2*] where ao,..., a, are complex 


constants. §§1.1.7. 


power series A series of the form 


oo 
> a;(z —  P \J . 
j=0 
More generally, the series can have any limits on the indices: 


3 aj(z-— P) or > a;(z— P). §§3.1.6 
j=m j=m 


pre-vertices The inverse images of the corners of the polygon under study 
with the Schwarz-Christoffel mapping. §§14.4.1. 


prime number This is an integer (whole number) that has no integer 
divisors except 1 and itself. The first few positive prime numbers are 
2, 3,5, 7,11, 13,17, 19,23. By convention, 1 is not prime. §13.3. 


prime number theorem This is the statement that 
im _ (a) =]. 
z—oo (z/ log x) 


Here z(x) is the “prime number counting function.” §§13.3.3 


principal branch Usually that branch of a holomorphic function that 
focuses on values of the argument 0 < @ < 2z. The precise definition 
of “principal branch” depends on the particular function being studied. 
§§10.1.2, §§10.1.6. 


principle of persistence of functional relations If two holomorphic 
functions defined in a domain containing the real axis agree for real values 
of the argument, then they agree at all points. §§3.2.3. 


principal part Let f have a pole of order k at P. The negative power 
part 


—1 
> a;(z — P) 


j=—k 
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of the Laurent series of f about P is called the principal part of f at P. 
§§4.3.1. 


range of a function Any set containing the image of the function. 


rank of an entire function If f is an entire function and {a;} its zeros 
counting multiplicity, then the rank of f is the least positive integer p such 


that 
» la, |r) < 0. 
a, %~0 


We denote the rank of f by p = p(f). §89.3.5. 


rational function A rational function is a quotient of polynomials. §§11.1.1. 


rational number system Those numbers that are quotients of integers 
or whole numbers. A rational number has either terminating or repeating 
decimal expansions. §§1.1.1. 


real analytic A function f of one or several real variables is called real 
analytic if it can locally be expressed as a convergent power series. 


real number system Those numbers consisting of either terminating or 
non-terminating decimal expansions. §§1.1.1. 


real part If z = x+7y is a complex number, then its real part is x. §§1.1.2. 


real part of a function f If f = u+iv is a complex-valued function, 
with u, v real-valued functions, then wu is its real part. §§1.3.2. 


recursive identity for the gamma function If Rez > 0, then 


[(z+1) =2-T(z). §§13.1.2 


region See domain. §§1.3.1. 
regular See holomorphic. 


regular boundary point Let f be holomorphic on a domain U. A point 
P of OU is called regular if f extends to be a holomorphic function on an 
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open set containing U and also the point P. §§9.2.2. 


relation Let S be a set. A relation on S is a collection of some (but not 
necessarily all) of the ordered pairs (s, s’) of elements of S. See also equiv- 
alence relation. §§10.1.6 


removable singularity Let P be an isolated singularity of the holomor- 
phic function f. If f can be defined at P so as to be holomorphic in a 
neighborhood of P, then P is called a removable singularity for f . §§4.1.4, 
§84.2.8. 


residue If f has Laurent series 


© . 
>, a(2-PY 
j=—CO 
about P, then the number a_, is called the residue of f at P. We denote 
the residue by Ress(P). §§4.4.3. 


residue, formula for Let f have a pole of order k at P. Then the residue 
of f at P is given by 


§84.4.6 


k-1 
Res(P)= Gan (5) (=P) Fe) 


residue theorem Let U be a domain and let the holomorphic function 
f have isolated singularities at P,, Po,...,Pm € U. Let Ress(P;) be the 
residue of f at P;. Also let y: [0,1] - U\ {Pi, Po,..., Pm} be a piecewise 
C’ curve. Let Ind,(P;) be the winding number of 7 about P;. Then 


$ f(z) dz = 201 5 *Res,(P,) - Ind, (P;). §§4.4.2 
Y j=1 


Riemann hypothesis The celebrated Riemann Hypothesis is the con- 
jecture that all the zeros of the zeta function ¢ in the critical strip {z € 
C:0< Rez < 1} actually lie on the critical line {z : Rez = 1/2}. §§13.2.9. 


Riemann mapping theorem Let U C C be a simply connected do- 
main, and assume that U # C. Then there is a conformal mapping 
p:U — D(0,1). §86.4.3. 
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Riemann removable singularities theorem If P is an isolated sin- 
gularity of the holomorphic function f and if f is bounded in a deleted 
neighborhood of P, then f has a removable singularity at P. §§4.1.5. 


Riemann sphere See extended plane. 


Riemann surface The idea of a Riemann surface is that one can visu- 
alize geometrically the behavior of function elements and their analytic 
continuations. A global analytic function is the set of all function elements 
obtained by analytic continuation along curves (from a base point P € C) 
of a function element (f,U) at P. Such a set, which amounts to a collection 
of convergent power series at different points of the plane C, can be given 
the structure of a surface, in the intuitive sense of that word. §§10.4.1. 


right turn angle The oriented angle of turning when traversing the bound- 
ary of a polygon that is under study with the Schwarz-Christoffel mapping. 
§§14.4.1 


ring A number system that is closed under addition and multiplication. 
See also field. §§8.3.5. 


root of a function or polynomial A value in the domain at which the 
function or polynomial vanishes. See also zero. §§1.1.7. 


rotation A function z +> e*“z for some fixed real number a. We sometimes 
say that the function represents “rotation through an angle a.” §§6.2.1. 


Rouché’s theorem Let f,g be holomorphic functions on a domain U C C. 
Suppose that D(P,r) C U and that, for each ¢ € OD(P,r), 


If(C) — 9(2)| < FOI + lo). (*) 


Then the number of zeros of f inside D(P, r) equals the number of zeros 
of g inside D(P,r). The hypothesis (*) is sometimes replaced in practice 
with 

IF(C) — 9(9)| < 19(¢)| 


for ¢ € OD(P,r). §85.3.1. 


Runge’s theorem Let K ¢ C be compact. Let f be holomorphic on a 
neighborhood of K. Let S C C \ K contain one point from each connected 
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component of Cc \ K. Then, for any € > 0, there is a rational function r(z) 
with poles in S such that 


max f(z) —r(z)| <e. §§11.1.2 


Runge’s theorem, corollary for polynomials Let K C C be compact 
and assume that C \ K is connected. Let f be holomorphic on a neigh- 
borhood of K. Then for any € > 0 there is a holomorphic polynomial p(z) 
such that 

max lp(z) — f(z)| <e. §§11.1.3 


schlicht function A holomorphic function f on the unit disc D is called 
schlicht if 


1. f is one-to-one. 
2. f(0) =0. 
3. f’(0) =1. 


In this circumstance we write f € S. §§12.1.1. 


Schwarz-Christoffel mapping A conformal mapping from the upper half 
plane to a polygon. §§14.4.1 


Schwarz-Christoffel parameter problem The problem of determining 
the pre-vertices of a Schwarz-Christoffel mapping. §§14.4.1. 


Schwarz lemma Let f be holomorphic on the unit disc. Assume that 
1. |f(z)| <1 for all z. 
2. f(0) =0. 

Then |f(z)| < |z| and |f"(0)| < 1. 


‘If either |f(z)| = |z| for some z ¥ 0 or if | f’(0)| = 1, then f is a rotation: 
f(z) = az for some complex constant a of unit modulus. §§5.5.1. 


Schwarz-Pick lemma Let f be holomorphic on the unit disc. Assume 
that 


1. |f(z)| < 1 for all z. 
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2. f(a) = b for some a,b € D(0,1). 


Then bp 
1— 
/ 
< 

Moreover, if f(a,) = by and f(ag) = be, then 

by me! < ag 41 

1 — bbe 1 — Qa 

There is a “uniqueness” result in the Schwarz-Pick Lemma. If either 
1 — |b|? bo — bi ag —- a1 
/ 
a) = > — ’ 


then the function f is a conformal self-mapping (one-to-one, onto holomor- 
phic function) of D(0, 1) to itself. §§5.5.2. 


Schwarz reflection principle for harmonic functions Let V be a 
connected open set in C. Suppose that VM (real axis) = {rx € R:a<a2< 
b}. Set U = {z € V: Imz > 0}. Assume that v : U — R is harmonic and 
that, for each ¢ € VN (real axis), 


ylim, v(z) = 0. 


Set U = {Z:z€U}. Define 
v(z) ifzEeU 
0 if z € VN (real axis) 
—v(Z) if z € U. 


Then @ is harmonic on U* =UUUU {rE R:a<az < bd}. §§7.5.2. 


Schwarz reflection principle for holomorphic functions Let V be a 
connected open set in C such that VM(the real axis) = {7 € R:a< 2x <b} 
for some a,b € R. Set U = {z € V: Imz > 0}. Suppose that F: U > C is 
holomorphic and that 
lim Im F(z) =0 
U3z--2£ 

for each « € R with a < x < b. Define U = {z € C: Z€ U}. Then there is 
a holomorphic function G on U* =U UU U {2 € R: a < x < 5} such that 
Gly = F. In fact v(x) = limy3,—7 Re F(z) exists for each x = + + 10 € 
(a,b) and 


F(z) if zeU 
G(z) = ¢ v(x) +10 if ze {rE R:a<ax<b} §87.5.2 
F(z) if ze U. 
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simple, closed curve A curve y : [a,b] — C such that (a) = (b) but 
the curve crosses itself nowhere else. §§2.1.2.1 


simple root Let f be either a polynomial or a holomorphic function on 
an open set U. If f(P) =0 but f’(P) 40, then f is said to have a simple 
root at P. See also multiple root. §§3.1.4. 


simply connected A domain U in the plane is simply connected if one 
of the following three equivalent conditions holds: it has no holes, or if its 
complement has only one connected component, or if each closed curve in 
U is homotopic to a point. §§1.4.2. | 


singularity Let f be a holomorphic function on D(P,r) \ {P} (that is, on 
the disc minus its center). Then the point P is said to be a singularity of 


f. §§4.1.4. | 


singularity at co Fix a positive number R. Let f be holomorphic on the 
set {z € C: |z| > R}. Define G(z) = f(1/z) for |z| << 1/R. Then 


e If G has a removable singularity at 0, then we say that f has a 
removable singularity at co. 


e If G has a pole at 0, then we say that f has a pole at oo. 


e If G has an essential singularity at 0, then we say that f has an 
essential singularity at oo. 


§84.6.6. 


small circle mean value property A continuous function h on a domain 
U C C is said to have this property if, for each point P € U, there is a 
number ep > 0 such that D(P,ep) C U and, for every 0 < € < ep, 


1 2n 0 
h(P) = — P+ ee’ ; 
(P) a Ih h(P + ee”) dé 
A function with the small circle mean value property on U must be har- 
monic on U. §§7.4.1. 


smooth curve A curve y : [a,b] — C is smooth if 7 is a C* function 
(where k suits the problem at hand, and may be oo) and 7’ never vanishes. 
887.7.2. 
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smooth deformability Deformability in which the function H(s,t) is 
smooth. See deformability. 


solution of the Dirichlet problem on the disc Let f be a continuous 
function on 0D(0,1). Define 


tf ne La agit € D(0,1) 
u(z) = ¢ 2m Jo jz—ewpor ee S 


f(z) if z € OD(0, 1). 
Then u is continuous on D(0,1) and harmonic on D(0, 1). §§7.3.4. 


special function These are particular functions that arise in theoreti- 
cal physics, partial differential equations, and mathematical analysis. See 
gamma function, beta function. §§13.0.1. 


stereographic projection A geometric method for mapping the plane to 
a sphere. §86.3.3. 7 


subharmonic Let U C C be an open set and f a real-valued continuous 
function on U. Suppose that for each D(P,r) C U and every real-valued 
harmonic function h defined on a neighborhood of D(P,r) that satisfies 
f < hon OD(P,r), it holds that f < h on D(P,r). Then f is said to be 
subharmonic on U. §§7.7.4. 


sub-mean value property Let f : U — R be continuous. Then f satisfies 
the sub-mean value property if, for each D(P,r) C U, 


20 


f(P) < = f(P + re!)d6. 87.7.5 
0 


supremum Let S C R be a set of numbers. We say that a number M 
is a supremum for S if s < M for all s € S and there is no number less 
than M that has the same property. Every set of real numbers that is 
bounded above has a supremum. The term “least upper bound” has the 
same meaning. 


topology A mathematical structure specifying open and closed sets and a 
notion of convergence. §§1.1.5. 
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triangle inequality The statement that if z,w are complex numbers then 


jz + w| < |z| + lw). §§1.2.7 


uniform convergence for a sequence Let f; be a sequence of functions 
on aset S C C. The f; are said to converge uniformly to a function g 
on S if for each €« > O there is a number N > 0 such that if 7 > N, then 
|f;(s) — g(s)| < € for all s € S. In other words, f;(s) converges to g(s) at 
the same rate at each point of S. §§3.1.5. 


uniform convergence for a series The series 


» f(z) 


on a set S C C is said to converge uniformly to a limit function F(z) if its 
sequence of partial sums converges uniformly to F’. Equivalently, the series 
converges uniformly to F' if for each € > O there is a number N > 0 such 
that if J > N, then 


J 
AG) — F(z)| <e 
j=l 
for all z € S. 


uniform convergence on compact subsets for a sequence Let f; be 
a sequence of functions on a set S C C. The f; are said to converge uni- 
formly on compact subsets of S to a function g on S if, for each compact 
kK CS and for each € > 0, there is a N > 0 such that if 7 > N, then 
|f;(&) — g(k)| < € for all k € K. In other words, f;(k) converges to g(k) at 
the same rate at each point of K. §§8.1.1. 


uniform convergence on compact subsets for a series The series 


SS fi(2) 
j=l 


on a set S C C is said to be uniformly convergent on compact sets to a 
limit function F(z) if, for each € > 0 and each compact K C S, there is an 
N > 0 such that if J > N, then 


N 
> f(2) - F(2)| <e 


j=l 
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for every z € K. In other words, the series converges at the same rate at 
each point of AK. §§8.1.4, §§8.1.5. 


uniformly Cauchy for a sequence Let g; be a sequence of functions on a 
set S C C. The sequence is uniformly Cauchy if, for each € > 0, there is an 
N > 0 such that for all j,k > N and all z € S we have |g;(z) — gx(z)| <e. 
§§8.1.2. 


uniformly Cauchy for a series Let jel g; be a series of functions on 
a set S C C. The series is uniformly Cauchy if, for each e€ > 0, there 
is an N > O such that: for all M > L > WN and all z € S we have 


1 95(2)| < €. §§8.1.5. 


uniformly Cauchy on compact subsets for a sequence Let g; be a 
sequence of functions on a set S C C. The sequence is uniformly Cauchy on 
compact subsets of S if, for each K compact in S and each e€ > 0, there is an 
N > Osuch that for all £,m > N and all k € K we have |ge(k) —gm(k)| < €. 
§§8.1.2. 


uniformly Cauchy on compact subsets for a series Let 1 g; be 
a series of functions on a set S C C. The series is uniformly Cauchy on 
compact subsets if, for each compact set K in S and each e > 0, there 
is an N > O such that for all M > L > N and all k € K we have 


yo 95(k)| < €. §§8.1.5. 


uniqueness of analytic continuation Let f and g be holomorphic func- 
tions on a domain U. If there is a disc D(P,r) C U such that f and g 
agree on D(P,r), then f and g agree on all of U. More generally, if f and 
g agree on a set with an accumulation point in U, then they agree at all 
points of U. §§3.2.3. 


unrestricted continuation Let W be a domain and let (f,U) be a func- 
tion element in W. We say (f,U) admits unrestricted continuation in W if 
there is an analytic continuation (f;, U;) of (f,U) along every curve y that 
begins at P and lies in W. §810.3.4. 


value of an infinite product If [];_,(1 + a;) converges, then we define 
its value to be 


No N 
[]@+45) * ylim I] ¢! + a,;). 
j=l No+1 


See convergence of an infinite product. §§8.1.10. 
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vanishes to order k A holomorphic function on a domain U vanishes to 
order k >1at PeU if f(P) =0,..., f&-)(P) =0, but f(P) 40. 


vanishing of an infinite product of functions The function f defined 
on a domain U by the infinite product 


©, @) 
f(z) = [J+ (2) 
j=l 
vanishes at a point z € U if and only if f;(z9) = —1 for some 7. The 


multiplicity of the zero at 2 is the sum of the multiplicities of the zeros of 
the functions 1+ f; at zo. §88.1.13. 
Weierstrass factor These are the functions 
Eo (z) =l]-2z 
and, for 1 < pe @Z, 


2? zP 
Bp(2)=(1-aep (z+ Fb 4 =). 


Weierstrass factors are used in the factorization of entire functions. See 
Weierstrass factorization theorem. §88.2.2 


Weierstrass factorization theorem Let f be an entire function. Sup- 
pose that f vanishes to order m at 0, m > 0. Let {a,,} be the other zeros 
of f, listed with multiplicities. Then there is an entire function g such that 


©. 0) 
— 4M , 9(2) a 
f(z) =z™-e ]] 2n-1 (=). 
n=1 
Here, for each j, Ej is a Weierstrass factor. §§8.2.4 


Weierstrass (canonical) product Let {a;}52, be a sequence of non-zero 
complex numbers with no accumulation point in the complex plane (note, 
however, that the a;’s need not be distinct). If {p,} are positive integers 


that satisfy 
oo ( r i 
(2) <0 
lan| 


n=1 


for every r > 0, then the infinite product 


I. (<;) 
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(called a Weierstrass product) converges uniformly on compact subsets of 
C to an entire function F. The zeros of F are precisely the points {a,}, 
counted with multiplicity. §§8.2.2. 


Weierstrass theorem Let U C C be any open set. Let aj,a9,... be a 
finite or infinite sequence in U (possibly with repetitions) that has no ac- 
cumulation point in U. Then there exists a holomorphic function f on U 
whose zero set is precisely {a;}. §88.3.2. 


whole number See integer. 
winding number See zndez. 


zero If f is a polynomial or a holomorphic function on an open set U, then 
P €U isa zero of f if f(P) = 0. See root of a function or polynomial. 
§§3.2.1. 


zero set If f is a polynomial or a holomorphic function on an open set U, 
then the zero set of f is Z = {z EU: f(z) =O}. §§3.2.1. 


zeta function For Rez > 1, define 


¢(z) = 3 a > e Zlogn §§13.2.1 


nz 
n=l n=1 


List of Notation 


Notation 


Meaning 


real number system 
Cartesian plane 


complex number system 


complex numbers 
complex numbers 
complex numbers 
complex numbers 
real part of z 
imaginary part of z 
conjugate of z 
modulus of z 

open disc 

closed disc 

open unit disc 
closed unit disc 
complement of 
BinA 

complex exponential 
factorial 

e*+e""* 


argument of z 

k times continuously 
differentiable 

real and imaginary 
parts of f 

real part of the 
function f 
imaginary part of the 
function f 
derivative with 
respect to Zz 


Subsection 


1.1.1 
1.1.1 
1.1.2 
1.1.2 
1.1.2 
1.1.2 
1.1.2 
1.1.2 
1.1.2 
1.1.2 
1.1.4 
1.1.5 
1.1.5 
1.1.5 
1.1.5 


1.1.5 
1.2.1 
1.2.1 


1.2.1 


1.2.1 
1.2.6 
1.3.1 
2.1.3 
1.3.2 
1.3.2 
1.3.2 


1.3.3 
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List of Notation 


List of Notation, Continued 


Notation 
Of /OZ 
lim,_,p f(z) 
df /dz 


f'(2) 
A 


¥ 
7| [c,d] 
$,, 9(z) dz 


Sn(z) 


Res (P) 
Ind.,(P) 


C 
CU {oo} 


LU {oo} 


bf 
H : {0,1] x [0,1] > W 


Meaning 


derivative with 
respect to Z 


limit of f at the point P 


complex derivative 
complex derivative 


the Laplace operator 


or Laplacian 
a curve 


restriction of y to [c, d] 


complex line integral 


of g along y 
partial sum of a 
power series 
residue of f at P 
index of 7 with 
respect to P 
the extended 
complex plane 
the extended 
complex plane 
generalized circle 
extended real line 
infinite product 


partial product 
Weierstrass factor 
Weierstrass factor 
Blaschke factor 
Blaschke product 
order of f 
rank of f 
genus of f 
a homotopy in W 


Subsection 


List of Notation 


List of Notation, Continued 


Notation Meaning Subsection 
C(K) the continuous 
functions on K 11.2.2 
S the class 
of Schlicht functions 12.1.1 
H?(D) Hardy space 12.3.1 
| llzre Hardy space norm 12.3.1 
T(z the Gamma function 13.1.1 
y Euler-Mascheroni 
constant 13.1.7 
B(z,w) the beta function 13.1.11 
¢(z) the zeta function 13.2.1 
P the set of 
prime numbers 13.2.2 
T(x) the number of 
primes < z 13.3.2 
5; right-turn angle 14.4.1 
f(n) Fourier coefficient of f 15.1.1 
Sf (t) Fourier series of f 15.1.1 
Swf (t) partial sum of 
_ Fourier series of f 15.1.1 
f() Fourier transform of f 15.2.1 
g” inverse Fourier 
transform of g 15.2.1 
F(s) Laplace transform of f 15.3 
L(f) Laplace transform of f 15.3 
A(z) z-transform of {a,} 15.4 


Table of Laplace Transforms 


Function 
eat 
1 
cos wt 
sin wt 
cosh wt 
sinh wt 


et cos wt 


—At 


e sin wt 


iN oat 
in 

t cos wt 

tsin wt 
f'(t) 
f"(t) 
tf (t) 

e® f(t) 


Laplace Transform Domain of Convergence 


i 
8—a 


+A 
(GED) +w 


Ww 
(s+A)2+w?2 


—(Lf)"(s) 
Lf(s—a) 


{s: Res > Rea} 
{s: Res > 0} 

w real, {s : Res > 0} 
w real, {s : Res > 0} 
w real, {s : Res > |w|} 
w real, {s : Res > |w|} 
w,A real, {s : Res > —A} 
w, real, {s : Res > —A} 
{s: Res > Rea} 
{s:Res > 0} 

w real, {s : Res > 0} 
w real, {s : Res > 0} 
{s:Res > 0} 
{s:Res > 0} 
{s:Res > 0} 


{s: Res > 0} 
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A Guide to the Literature 


Complex analysis is an old subject, and the associated literature is large. 
Here we give the reader a representative sampling of some of the resources 
that are available. Of course no list of this kind can be complete. 


Traditional Texts 


L. V. Ahlfors, Complez Analysis, 24 ed., McGraw-Hill, New York, 
1966. 


L. V. Ahlfors, Conformal Invariants, McGraw-Hill, 1973. 


C. Carathéodory, Theory of Functions of a Complex Variable, Chelsea, 
New York, 1954. 


H. P. Cartan, Elementary Theory of Analytic Functions of One and 
Several Complex Variables, Addison-Wesley, Reading, 1963. 


E. T. Copson, An Introduction to the Theory of Functions of One 
Complex Variable, The Clarendon Press, Oxford, 1972. 


R. Courant, The Theory of Functions of a Complex Variable, New 
York University, New York, 1948. 


P. Franklin, Functions of Complex Variables, Prentice-Hall, Engle- 
wood Cliffs, 1958. | 


W. H. J. Fuchs, Topics in the Theory of Functions of One Complex 
Variable, Van Nostrand, Princeton, 1967. 


B. A. Fuks, Functions of a Complex Variable and Some of Their 
Applications, Addison-Wesley, Reading, 1961. 


G. M. Goluzin, Geometric Theory of Functions of a Complex Vari- 
able, American Mathematical Society, Providence, 1969. 


K. Knopp, Theory of Functions, Dover, New York, 1945-1947. | 


Z. Nehari, Introduction to Complex Analysis, Allyn & Bacon, Boston, 
1961. 


R. Nevanlinna, Introduction to Complex Analysis, Chelsea, New York, 
1982. 
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e W. F. Osgood, Functions of a Complex Variable, G. E. Stechert, New 
York, 1942. 


e G. Polya and G. Latta, Complex Variables, John Wiley & Sons, New 
York, 1974. 


e J. Pierpont, Functions of a Complex Variable, Ginn & Co., Boston, 
1914. 


e S. Saks and A. Zygmund, Analytic Functions, Nakl. Polskiego Tow. 
Matematycznego, Warsaw, 1952. 


e G. Sansone, Lectures on the Theory of Functions of a Complex Vari- 
able, P. Noordhoff, Groningen, 1960. 


e V. I. Smirnov and N. A. Lebedev, Functions of a Complex Variable; 
Constructive Theory, MIT Press, Cambridge, 1968. 


Modern Texts 


e A. Beardon, Complex Analysis: The Argument Principle in Analysis 
and Topology, John Wiley & Sons, New York, 1979. 


e C. Berenstein and R. Gay, Complez Variables: An Introduction, Springer- 
Verlag, New York, 1991. 


e R. P. Boas, An Invitation to Complex Analysis, Random House, New 
York, 1987. 


e R. Burckel, Introduction to Classical Complex Analysis, Academic 
Press, New York, 1979. 


e J. B. Conway, Functions of One Complex Variable, 2°¢ ed., Springer- 
Verlag, New York, 1978. 


e J. Duncan, The Elements of Complex Analysis, John Wiley & Sons, 
New York, 1968. 


e S. D. Fisher, Complez Variables, 2°¢ ed., Brooks/Cole, Pacific Grove, 
1990. 


e A. R. Forsyth, Theory of Functions of a Complex \ Variable, 3° ed., 
Dover, New York, 1965. 


e A. O. Gel’fond, Residues and their Applications, Mir Publishers, 
Moscow, 1971. 


e R. E. Greene and S. G. Krantz, Function Theory of One Complex 
Variable, John Wiley and Sons, New York, 1997. 
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M. Heins, Complex Function Theory, Academic Press, New York, 
1968. 


E. Hille, Analytic Function Theory, 2°4 ed., Chelsea, New York, 1973. 


W. Kaplan, A First Course in Functions of a Complex Variable, 
Addison-Wesley, Cambridge, 1953. 


S. G. Krantz, Complez Analysis: The Geometric Viewpoint, Mathe- 
matical Association of America, Washington, D.C., 1990. 


S. Lang, Complex Analysis, 3° ed., Springer-Verlag, New York, 1993. 


N. Levinson and R. M. Redheffer, Complex Variables, Holden-Day, 
San Francisco, 1970. 


A. I. Markushevich, Theory of Functions of a Complex Variable, 
Prentice-Hall, Englewood Cliffs, 1965. 


Jerrold Marsden, Basic Complex Analysis, Freeman, San Francisco, 
1973. 


G. Mikhailovich, Geometric Theory of Functions of a Complex Vari- 
able, American Mathematical Society, Providence, 1969. 


R. Narasimhan, Complex Analysis in One Variable, Birkhauser, Bos- 
ton, 1985. 


T. Needham, Visual Complex Analysis, Oxford University Press, New 
York, 1997. 


J. Noguchi, Introduction to Complex Analysis, American Mathemat- 
ical Society, Providence, 1998. 


B. Palka, An Introduction to Complex Function Theory, Springer, 
New York, 1991. 


R. Remmert, Theory of Complex Functions, Springer-Verlag, New 
York, 1991. 


W. Rudin, Real and Complex Analysis, McGraw-Hill, New York, 
1966. 


B. V. Shabat, Introduction to Complex Analysis, American Mathe- 
matical Society, Providence, 1992. 


M. R. Spiegel, Schaum’s Outline of the Theory and Problems of Com- 
plex Variables, McGraw-Hill, New York, 1964. 
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Applied Texts 


M. Abramowitz and I. A. Segun, Handbook of Mathematical Func- 
tions, Dover, New York, 1965. 


J. W. Brown and R. V. Churchill, Complex Variables and Applica- 
tions, 6** ed., McGraw-Hill, New York, 1996. 


G. F. Carrier, M. Crook, and C. E. Pearson, Functions of a Complex 
Variable: Theory and Technique, McGraw-Hill, New York, 1966. 


W. Derrick, Complex Analysis and Applications, 2"4 ed., Wadsworth, 
Belmont, 1984. 


A. Erdelyi, The Bateman Manuscript Project, McGraw-Hill, New 
York, 1954. 


P. Henrici, Applied and Computational Complex Analysis, John Wiley 
& Sons, New York, 1974-1986. 


A. Kyrala, Applied Functions of a Complex Variable, John Wiley and 
Sons, 1972. 


W. R. Le Page, Complex Variables and the Laplace Transform for 
Engineers, McGraw-Hill, New York, 1961. 


E. B. Saft and E. D. Snider, Fundamentals of Complex Analysis for 
Mathematics, Science, and Engineering, 2"4 ed., Prentice-Hall, En- 
glewood Cliffs, 1993. | 


D. Zwillinger, et al, CRC Standard Mathematical Tables and Formu- 
las, CRC Press, Boca Raton, 1996. 
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